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Introduction 

In this report we consider the general problem of contact and impact 

between two bodies. The report is divided into three basic parts. These 

parts describe: (I) The general theory of contact-impact problems, 

(II) A numerical scheme for the analysis of contact-impact problems, and 

(III) The description of computer program FEAR 74 for the solution of 

contact-impact problems. In an appendix we include the program subroutines 

and general input description for FEAR 74. 

In Sections 1 to 6, Part I, we deal with spatial aspects of the theory 

and in Section 7, Part I, we deal with temporal aspects. This splitting 

of the theory is motivated by the way we intend to numerically solve the 

equations, i.e., the finite element method spatially and a finite difference 

method temporally. 

Part II considers a numerical implementation of the theory given in 

Part I. Section 9 deals with spatial notions of the numerical problem 

and Section 10 the temporal. The solution scheme for the resulting 

algebraic problem is discussed in Sections 11 and 12. 

The computer program FEAR 74 was modified to incorporate the numerical 

contact-impact model. The program modifications and capabilities together 

with two numerical examples are contained in Part III. 

Finally, in the appendix we give listings for the contact subroutines 

together with the data input instructions. 



PART I 

VARIATIONAL FORMULATION OF CONTACT-IMPACT 

PROBLEMS IN CONTINUUM MECHANICS 

1.    Preliminaries 

Our conventions on indices are as follows: 

Superscripts indicate to which body an entity pertains.    Summation is 

to take place only when explicitly indicated. 

Latin subscripts range over 1,2,3, while Greek subscripts range over 

1,2.    The summation convention is assumed to hold for both. 

A body rt3is a nice connected region of IR3with a piecewise smooth 

boundary d<© .    A contact    problem is a boundary value problem, or an 

initial-boundary value problem, in which two bodies,   Ö and ß, interact 

according to the principles of mechanics.    Thus the primary kinematic 
L l X i 

axiom of a contact problem is that configurations.^ and .6-, of ^ and S , 

respectively, do not penetrate each other, i.e., 

(1) 
-a-1   r\ O4)0   -    &, 

where    (^V     denotes the interior of   -tT ,   •*   =    1,2. 

On the other hand the unique conditon which characterizes contact 
„i ,t 

problems is that material  points on the boundaries of <*-» and   -   may 

coalesce during the motion of the bodies.    Thus we say   J and   Ö are in 

contact if        d** s>  *Jr    ^   0        > an<j we define the contact surface 

e   by 
_ , _ 

It is usual for the term contact to have a static connotation while the 
term impact has a dynamic connotation. We shall use contact in the general 
sense to include static as well as dynamic phenomena. 



& - bA-1 r\  dJb1   . (2) 

If (£> and O are never in contact then  t = jtf  for all configura- 

tions b  and-(T , and in this case an initial-boundary value problem for 

'•Ö and ß reduces to one in w.nch ^ and ^ may be treated separately. 

Thus a non-trivial contact problem is one in which  fe.»*>z<  for at 

least one instant during the motion of 8 and Q. The picture (Fig. 1) 

illustrates these notions. 

Equation (1) implies that t is a material surface with respect to 

both bodies, i.e., one which is not crossed by material particles. From 

this we may deduce the interface conditions on fe . 

Let x be a persistent point of fe (one at which joining or re- 

leasing of the bodies is not instantaneously occurring) and y be the 

velocity of * ( y = *• ). Note that only the normal part of y is 

independent of the parametrization of t. . Let v-1 and y* be the 

velocities of the material particles located at the points y1 and **, 

contained in dJb     and dtr     , respectively, such that x=x1=.x2 

at the present instant. Then since fe is material and x is persistant 

»•. r. , ^lr, (3) 
—  ~-    —  ~  ) 

where n is a unit normal vector to t at x . From this it follows that 

a necessary condition for momentum to be balanced at x is that 

Ct1 - «*)• Ü - 2 . (4) 

where    t**  is the Cauchy traction vector with respect to    bV 

In addition we assume that no tensile tractions can occur on   t , 



dl 

ro 
«♦ 



t  n  ^ o , (5) 

where n" is the outward unit normal vector to dir*   This condition 

excludes the possibility of the two bodies being glued together. Condi- 

tions (1-5) characterize our notion of a contact problem. 

Note that thus far we have said nothing about the tangential parts 

of y"   and  t" . These remaining conditions are determined by the 

frictional nature of the contact. We shall study two simple cases. 

Case I: If we assume that points, once In contact, move with fc, 

until released, we have that 

v^ - -*  , (6) 

and therefore 

t4 ♦ t* = o . (7) 

For this model we say that a no-slip, or perfect friction, condition is 

achieved on t . Thus condition (5) and equations (6) and (7) are the 

interface conditions for this case. 

Case II: We may create the interface conditions for a frictionles^, 

sliding contact by asserting that the tangential part of each t" is 

Identically zero, 

f"- CC',n',)rf - o  . (8) 

Eq. (8). along with (3-5), jre the interface conditions for this case. 



2.    Variatlonal Theorems 

We will formulate a variatlonal  theorem for the contact problem of 

finite elastodynamics.    We point out, however, that our treatment is 

entirely general and could be used in conjunction with any field theory, 

.is the only unique feature of the formulation involves the handling of 

interface conditions.    At the same time finite elastodynamics, thoug.'i 

lending itself to a clean and simple variational  statement,  is a case of 

wide practical  interest. 

Me shall first obtain a variational theorem for the usual  Initial- 

boundary value problem of finite elastodynamics by a trivial generaliza- 

tion of some work done by S,  Nemat-Nasser [1]. 

For notational  simplicity let ci.denote öC>, and let a^land «ifldenote 

area and volume forms for^andCL, respectively. Let   O^c flL   be that 

part of Ct where surface tractions are prescribed, and denote by T  the 

Piola - Kirchhoff traction vector representing these prescribed tractions. 

Call    p,    the density of'l> In the initial configuration,   F    the extrinsic 

body force vector and let       i« - *,(*) represent the position at 

time t of the material particle located at  X  in the initial configuration. 

For convenience we take t) to be the initial configuration.    We denote by 

^> , c^X       the deformoition gradients and by    ^(^Y/^X )       the strain 

energy density.    Then if x   Satisfies the kinematic boundary conditions 

*   -   * (9) 

on  ci.,c CL , where 

a, o aT - a , 

the functional I  defined by 



0     © 

a. 

is stationary, i.e.,  its first variation vanishes 

+   ^ ( T-T) ix da jdt , 
aT 

(10) 

(ii) 

(i?) subject to the constraint on variations Sx - ix, = o    , 

if and only if the equations of motion and traction boundary conditions 

are sat.sfied 

f. (* " D - DIV P      , in     <8 

T T on O-r* 

(13) 

(14) 

where    P=  a^/dC^j/aX )   is the first Piola - Kirchhoff stress tensor, 

T= M- P    is the Piola - Kirchhoff traction vector, and N    is the out- 

ward unit normal  vector tou".    The solution to the initial-boundary value 

problem must also satisfy the given initial conditions 

V     =      V 

in       43 (15) 

To interpret this variational theorem for two (non-interacting) 

bodies set 

a - a1 ^ a' , etc . 



and write 

The next step is to add to I terms manifesting the interface 

conditions on fc and to stipulate the constraints under which the vanishing 

of the first variation of the appended functional corresponds to a 

solution of the contact problem. To do this we must consider further the 

kinematics and geometry of "e . 

Define two piecewise smooth, invertible maps T^
1
, ^i by the 

condition 

^ j    *.  --. c e a , (16) 

where each   £.*' identifies points on the boundary of the initial  con- 

figuration (&* which map into the contact surface "c at each instant of 

time.    If   xet   , then  X','=(^1) («)   and     *' = (:£') (* ) are the 

positions of particles in Q, and(<,, respectively, which have coalesced 

at ■«€ t .    It is clear what the ^"'s really are, viz., if !<*=*■**(X*) » 

for al1    X^e  0** ,   represents the motion of body  43" from the original 

configuration  fT to the present one >v", then jc" is the restriction of 

x" to    C" , 

^"(x") = ^C^)   ) (17) 

for each  x'e t"* ,   •<=i.2.     •    For the time being we consider the   ^'s 

as maps defined independently of the   ** 's and consider (17) a constraint 

on possible motions. 

We are interested in to what extent the relation 



2 = ^on = ^/ ex1) , de) 

is smooth in time and analogously under what circumstances the variations 

of the   TC     'S are equal.    In general the ^   's will not even be contin- 

uous in time since contact sjrfaces can be instantaneously created or 

destroyed.    If we eliminate such exceptional  instants and consider only 

persistent points, the bodies still may slide with respect to each other, 

as depicted in Fig. 2.    Thus tangential  velocities are seen to be unequal 

in general.    However, when *   is persistent, the impenetrability condition 

(1) forces the normal  velocity components to be equal, and concomitantly 

the normal components of variations of the   ^" 's are also equal 

S^1 n   «    ^ * n (19) 

for sliding contact (Case II), Eq.  (19) characterizes the constraint on 

variations of the   y~  's eqivalent to the velocity constraint (3). 

For no-;;lip contact (Case I), 

is easily seen to be the condition on variations equivalent to Eq.  (6). 

We shall  see that Eqs.  (19) and (20) lead to the proper interface condi- 

tions in the variational theorems. 

Introduce vector valued Lagrange multipliers   T* , and add 

2 f 

yt~~* SS t--^"-^McVt , (2i) 

to the functional I (Eq. 10). Note that when t/^ , 
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1 = 11 1 = 1.+At 

x,(X,) = x2(X2) 

/ 

Figure 2 
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and assume for consistency's sake that 

T= o        ~    e-, (22) 

This condition will  preclude the ambiguous circumstance of non-zero 

tractions being specified on the contact area.    Upon taking variations of 

Q-^IL + Ot     ^ 9et Eqs.  (13),  (14) and, 

(23) 

*   transversality      condition. 

The transversality condition is the classical terninology for variations 

associated with the domain C 

The first summand of (23) gives us (17) which insures that the   ** 's 

map into   t.   properly.    The second sunmand identifies T** as the Piola - 

Kirchhoff traction vector  T "'on   C".    Let us investigate the third 

summand. 

Consider first Case I and define 

^  « S^       ^   „ci.z  ) (24) 

which makes sense because of Eq.  (20).    This condition is equivalent to 

insisting 

thus the first sunmand of (23) also implies (6) holds whenever we have a 



12 

persistent point.    Let ^   denote the Jacobian determinant associated 

with  yC* , 

die - piC~. (25) 

Notice then that since 'C*  is the Piola - Kirchhoff traction vector, 

Ci/^.-) C" is the corresponding Cauchy traction vector. With these we 

have for the third summand, 

o~ k\ W-ft-C ~ S^-CCV^r + Ci/t')!')^   , (26) 

which in words means the Cauchy traction vectors are in equilibrium.    Thus 

the momentum balance, Eq.  (7), is satisfied on  fe . 

In Case II we only have that (19) holds, so define 

s/o) - ^T-n      »   •*- ^ . (27) 

This requirement also insures that, 

thus the first summand of (23) implies (3). For this case the third 

summand takes the form, 

C C (28) 

The integral over fe  gives us Eq.  (4).    The significance of the second 

integral  hinges on the observation that   Oj^ -Sp^fron )     is a tangent 

vector to fe  for each -c .   Thus the tangential part of each   T*    is 

identically zero, which is equivalent to the shear free condition, Eq.   (8), 



13 

which we require for Case II. 

A standard calculation enables us to write the transversality 

condition as. 

o = < \    Csx^ -TXr" C^-^-^dCdt:")   . (29) 

where the transversal   T"    is a unit vector field tangent to  Cl   , and 

perpendicular ard pointing outward with respect to ^C* , Fig. 3.    Thus 

(29)  implies that 

Assuming continuity of the integrands of (21) on the closure of C , 

condition (30) is already implied by the first summand of (23). This 

assumption precludes  f* taking the form of a     S-distribution on   <5 C . 

Although this assumption is warranted here it may not be true when 

one employs certain approximate theories in mechanics.    For instance 

consider the case where a Bemoulli-Euler beam is uniformly loaded and 

sits on u rigid parabolic surface (Fig. 4).    At the contact points a, a', 

concentrated reactions must exist to balance shear forces.    This example 

is actually from a completely different class of contact problems in that 

contact is made along a part of the interior rather than the boundary. 

Such problems as the contact of plates and shells also fall  into this 

class.   We could surrmarize such situations by the description -- 

m-dimensional contact of m-dimensional bodies, e.g., for the beam m=l, 

and for plates and shells m«2.    The case under investigation in this paper 

(m«3)  is an example of the (m-1)-dimensional  contact of m-dimensional 

bodies. 
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Figure 3 
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Figure 4 
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It Is good to keep in mind cases such as that illustrated in Fig. 4 

when considering specific boundary value problems. 

A further point worth mentioning here is that the transversality 

condit jn will   in general be an independent one in a numerical algorithm. 

For example,  if the fields in the integrand of (21) are approximated by 

a family of trial  functions, Eq.  (23) only implies that some weighted 

integrals over the   C     's vanish.    The condition (29) requires that 

weighted integrals over the 3C   's also vani«h. 

We now summarize our results in the following theorems: 

Theorem I:    Let (1), (2), (5), (9). (12),  (15), and (20) hold.    Then 

*  is a solution to the no-slip contact problem (Case I), that is, 

(6), (7). (13),  (14) and (17) also hold if, and only if,    SO^ofor 

arbitrary variations of   x*, ■%*  and   ^^-t-i.z . 

Theorem II:    Let (1), (2), (5), (9),  (12),  (15), and (19) hold.    Then 

>   is a solution to the sliding contact problem (Case II), that is, (3), 

(4), (8), (13),  (14) and (17) also hold if^and only if,   SO-»© for 

arbitrary variations of x", ^        and  C* «.= !.*.   . 
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3.   Consideration of Theorems I and II as Computational Tools 

Theorems I and II may be employed to generate numerical algorithms 

for the solution of contact problems.    The basic idea is to represent -x" , 

A."and     C"     as the product of known functions on IR   with unknown 

parameters depending on time.    Then Theorems I and II provide us with a 

method for generating an approximate system of equations (e.g., by the 

classical Ritz-Galerkin technique) in terms of these unknown parameters, 

which then can be solved incrementally and/or iteratively, subject to the 

side conditions of tte theorems.    The constraints  (1) and (5) will  both 

take the form of inequalities in actual computations, th .s the ideas of 

optimization theory will  probably be useful  in the actual construction of 

a numerical algorithm. 

The finite element method is a powerful  technique for obtaining a 

system of approximate equations, and it is of interest to find out how 

amenable are Theorems I and II to a finite element formulation. 

Unfortunately the term 3<^ would result in a terrible mess if the integrand 

was represented by typical finite element functions.    This is because the 

boundaries of the   C     's are unknown and thus a parametric integration 

would bury the defining parameters of the C    's in the arguments of 

Heaviside functions representing the support»of the elements.    Note that 

a classical Ritz-Galerkin approximation would not be subject to this pit- 

fall, since the associated trial functions could be chosen to be real 

analytic and thus easily Integrated parametrically to a relatively simple 

form.    However, such a formulation is restricted to a geometrically 

simpler class of problems.    Thus it is desirable to seek a generalization 

that will  lend itself cleanly to a finite element formulation. 
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4. Variational Theorems Without Trans versa 11 ty Conditions 

Let C  be a fixed part of Q^ such that 

e*   o    f      , (31) 

and 

T=   O on f-~ t^. (32) 

Define a scalar valued function   -rj^ on  C     such that 

^(X-) = o tf      X^fc     t^tr. (33) 

Let  e _? c  , and define the maps   ^    by the condition 

where, as before,   //"
,* represents     x** on    C      ; but on C ~- C   we place 

no physical  interpretation on ^r   •    Thus on   C      we will always have that, 

^r Lx-- ^-) - 2    , (34) 

since j"^^- on C   and   ^"^o on the relative complement C'-- C   . 

Introduce vector valued Lagrange multipliers    J*   and let^.= I*^^ 

where 

77t - - ^ \ i   a:" ^^^■"-^Ä; ..i.c^it . (35) 

We require that the variations of   ^M satisfy the same conditions as 

before, but now for all   (^      : 

Case I:       S*   "^   *;/~ 1 

I on     r" ~ (36) 

Case II:      y^n) ^ S^"-n j 
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where n Is a unit normal vector to ef . Computing the first variatir.i 

of ^C we have the usual conditions emanating from H and 

■f SV ( £■" C ?"-   ^)S) (37) 

+sx • 0^ ? - r ) 

The first summand gives us (34) and we define 

f =-  [ _X-t e
- =    5"lCX-)-/4CX-)  I  . 08) 

The third suimand defines   '*?* &"    as the Piola - Kirchhoff traction 

vector.    Note that this insures that r=o on C — C   since    ^"^ o  there. 

The fourth sutmand gives us the appropriate Cauct-y traction condition 

across e   for each case of (36).    The second summand is identically 

satisfied on C   since   ^"^ ^.'   .   On     C~C       it tells us that   j* 

is orthogonal  to ?''-3^*, but this is of no physical   interest 

Thus we can state the following theorems: 

Theorem I1: Let (1), (2). (5), (9), (12), (15). (31). (32) and (36), 

hold. Then > is a solution to the no-slip contact problem (Case I), that 

is. (6), (7), (13), (14) and (17) also hold where C* is defined by (38). 

if     SJ&o for arbitrary variations cf    •*". TC*-»^Z^  *n«l-   JT*,   *-i.z 

Theorem IT:    Let (1),  (2),  (5).  (9).  (12),  (15).  (31).  (32) and 

(36),, hold.    Then ^   is a solution to the sliding contact problem (Case 

H), that is. (3),  (4).  (8).  (13), (14) and (17) hold where   C*  is 

defined by (38),  if   i-C» o  for arbitrary variations of   -x" ^"^ ^" *nd- 

O""        •»•1.2. 
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The Important feature of these theorems is that the regions  C- 

are fixed.    Thus transversality conditions are absent, and the theorems 

may be applied to finite element formulations.    In fact one would naturally 

take    C     to be a union of elements in    &.    t large enough to contain 

C     throughout  the motion. 

Thus far our considerations have been quite general  and,  in fact, 

lAoro qeneral  than would be required for the solution of particular classes 

of contact problems.    In the next section we illustrate the many 

simplifications which can be made in the application of the preceeding 

theorems to a class of problems of wide practical  interest. 
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5.    Hertzian Contact Problems 

We wish to characterize contact problems in which the contact surface 

is approximately planar and the bodies have undergone small deformations 

in the neighborhood of the contact surface. 

Assume the following: 

(1)2- nt?i *  Ss on   fe   , where the   n^     indicate components 

with respect to the standard basis   1 e^ j      for IR   , 

(see Fig.  5). 

(2) -f~ 1 . -<- 1.2        , thus   t-^ T"   on £"'. 

Assumptions (1) and (2) together ■Hply that, 

t3 * i  G  * I   i:  ^ T 3     , 

and that, 

(CCo)« r-U":?)!: «T'-^rn)!? «CT^T*,©). 

(3) Material  points which eventually contact have, to the first 

order, the same initial coordinates H1 and   z^  .    Explicitly 

we manifest this idea by requiring that trie   2^°* 's satisfy 

^1C«l.z4,X^1.at);=2^*G..a..X,1 («,.«,);   . (39) 

This i. depicted in Fig. 6.    Since   Xs   are given functions which 

define the surfaces   ^   ,  it follows from (39) that. 

^ = ^" 

We term problems for which these assumptions hold Hertzian, since 

these assumptions are Implicit in Hertz1 classical theory [2] (see 
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Figure 5 
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Xj^Zg) 
/3 

□L 
Z|»Z p '-e 

Figure 6 
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Goldsmith [3] for an excellent exposition of this work and also many 

applications of l.ertz' theory to impact problems).    It should be pointed 

out that the formulation we are about to give is still considerably more 

general  than thnse to which Hertz' theory applies. 

We now sh v how these assunptions allow us to make simplifications 

in the precedin„ theorems. 

Theorems I and II: 

Due to assumption (3) the term^ can be replaced by an integral  over 

a region in the     a^z,.    -plane.   This region, say c , is the projection 

of fe onto the    E^.H,. -plane, and due to assumption (2) it coincides, to 

the first order, with the projections of the    f*  's.    Thus Xl can be 

written 

^    t 

X^ - i \ S-c'Cs'-f) de dUt (40) 

Since, for Case I, we know that the momentum balance on^ requires that 

t1-^ «   -     . 

we may make use of this relation immediately. Thus define 

and substitute into (40). Employing (39), the integrand simplifies to 

The analog of (23) becomes 
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t 

o  C   l 

^ ^^ 1 C I1" t ) +   ^ ^ CIZ^ 'C ) l de dt 

(42) 
4 trdnsveriAlity  condition . 

Thus the same conclusions of Theorem I can be drawn. However, f.'^m a 

numerical standpoint things are considerably different. First of all, 

since the ^6"  's are absent in this formulation, we do not get a uniquely 

defined fc ; x1 and x*- will not in general be the same pointwise. If 

the graph of t. is important it could be constructed by averaging ^ 

and 5l , which, if the solution is any good, should be reasonably close 

pointwise. On the other hand, the ;/ 's being absent engenders a con- 

siderable saving in the number of equations to be solved and in their 

complexity. 

The analogous case for Theorem II is constructed simply by setting 

Then the integrand of y(   becomes 

T Q*; -   <) (43) 

and (42) reduces to 

•♦•   transveraality        condition 

Hence the conclusions of Theorem II hold. 

(44) 
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Thus in the case of Hertzian contact we can add the simplifications 

manifested in (41) and (43) to the conditions of Theorems I and II, 

respectively, and still gamer the same conclusions. 

Theorems I' and 11': 

For these cases'TTX can be written as an Integral over c , the 

projection of 'c  : 
t     t 

Due to the present geometric situation, 1c is appropriate to take 

and thus define 

^Z - ^  >   -= 1.2 

Mnalagous to the considerations for Theorems I and II, the momentum 

balance across € motivates the simplification 

4af.    i. Z 
a- =   <r     *   _ <r 

With these and (39), the integrand of TTL can be written 

* 
A further simplification can be made by setting 

CTj  -  -^  . 

This eliminates one unknown function and, as we shall see, has the effect 

of satisfying (5) naturally. Thus the integrand of TTZ becomes 
_        _ ___ , . _ 

This is a standard ploy of optimization theory, see p. 82, [4J. 
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cr^OC-'O -&zfC*t- ** >   • (45) 

and the analog of (23) is 
t 

0 c L 

-KC-^CxJ1- vj") (46) 

Summand two tells us that either ^=0 or -x^1" = -xj"   , on C 

Suppose '>/?<:', then X^-K^2
,^»!^. Sunmand one then gives us that 

1. x 
x5- «jo'-' C . Thus we have 

as required, and ^ is defined as the subset of 'c: where s1-1*1 . 

The last four summands give the momentum balance conditions, as 

usual, and, in addition, the last two summands imply that the normal 

tractions are compressive (since C^)*^ 0 )• Thus we have the 

conclusions of Theorem I' and condition (5). 

The analogous set up for Theorem IT is accomplished by setting 

er = o in (45) yielding 

- OO^O, - **   ) (47) 

for the integrand of ^^l .    With this Eq. (46) becomes 
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0 c  - 

In this case we achieve the conclusion of Theorem IT and Cündition (5). 

Thus to Theorems I' and IT we can delete condition (5), add the 

simplifications manifested in (45) and (47), and achieve the conclusions 

of Theorems I' and IT, respectively, plus condition (5). 
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6.    Contact Problems for One, Two and Three-dimensional Bodies 

The previous work needs only trivial modification to be made 

applicable to contact problems involving bodies of different dimensions. 

There are many cases of considerable interest which fall into this cate- 

gory. For example, models consisting of a shell and a plate, or a solid 

and a plate, are useful for the study of head impact. The modifications 

necessary are essentially interpretative. An example illustrates this 

assertion. 

Consider the frictionless Hertzian contact of a three-dimensional 

solid and a two-dimensional plate.    Let & represent the solid and  o    the 

plate.    In evaluating JL , the tö part is as before while the  Ö   part 

would manifest the particular plate theory used.    The contact term   >C 

(or7;i ) would be exactly as before.    However note that «- (or  c )  is,  in 

this case, also identifiable with part of the two-dimensional  "volume" of 

the plate, rather than its boundary.    Taking variations, everything is as 

before except that the term rw^   (or -tn^^-xt J contributes to 

the transverse momentum equation of the plate, rather than to its boundary 

conditions.    The interpretation of   T.   (or   - c><0   ) is thus two-fold, 

i.e.,  U is the normal component of the traction vector with respect to 

&      , as before, and it is also the equivalent normal  "body force" with 

respect to   ü    , manifested by the interaction with     ß      (Fig. 7). 

This interpretation is general, namely, for one and two-dimensional 

bodies the contact force is an equivalent "body force" which contributes 

to the momentum equations, rather than the boundary conditions.    With this 

interpretation in mind, the construction of variational  theorems, analogous 

to the ones constructed in Sections 2, 4 and 5, for the class of one, two 

and three-dimensional contact problems,  is just a formal deductive exercise 

involving only appropriate definitions for  H. 
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7.    Impact 

The previous sections deal with spatial aspects of contact problems. 

In this section we investigate temporal considerations, i.e., those 

phenomena which are unique to dynamic contact or impact.    To manifest 

the problem encountered in such situations consider the following 

hypothetical  situation.    Assume that we are in the process of numericany 

solving some impact problem and suppose that it is discovered as we 

monitor the motior of the bodies that they impact somewhere in the time 

interval  (t,^).    At time t, we know the states of both bodies and we 

know that somewhere between t, and t^ they have coalesced over a portion 

of their boundaries.    Assume for the moment we know the geometry of the 

contact surface t.    The question which arises then is what is the state 

of fc at time tp. i.e., what are the velocity and traction vectors on t? 

It is necessary to know this information to carry forth the step forward 

time integration.    The question though seems improperly posed without 

specifying considerable data about the nature of the impact.   To get a 

handle on things, we will initially formulate a simple one-dimensional 

problem involving the impact of two elastic rods.    Although this problem 

is trivial, it provides considerable insight into the general nature 

of impact of continuum bodies.    Since we are interested in the state of 

t (in this case a noint) immediately after impact, whether the rods are 

finite or semi-infinite is immaterial. 

Assume that the pre-impact states of the two bodies are given by 

the following data: 

0"   :        v!*   ,     C **/** )t    ,      ^r     ><*-..* (48) 
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At impact the rods coalesce at e. and for some finite time interval 

thereafter    (at least) x e ft is persistent.    At the moment of impact 

shock waves begin to propagate in each body.    The space-time picture is 

depicted in Fig. 8.    As discussed in section 1, since fc   is material  and 

x is persistent, we have 

■t.f       • p ^    Tl     ^    -  Tt (W1 

for the post-impact state (t+). In addition to (49), the well known 

shock conditions must hold across the wave fronts: 

(50) 

where    '    is the material  velocity of the shock in  'O   , and [     ] is 

the wave-front jump operator which assigns to a function the difference 

in its values behind and in front of the wave, i.e., (•(*,*)]= f(X,t) - f(X,t) 

where X is a material point denoting the location of the wave-front.    As 

can be deduced from Fig. 8, the states into which the shocks initially 

propagate are the pre-impact states given by (48), and the state at e, 

immediately after the shocks pass, is given by the post-impact state (49). 

These observations in conjunction with (50) yield. 

*For convenience we choose the initial state to be the pre-^mpact state, 
thus we need not distinguish between Cauchy and Piola tractions. 

**A consistency condition for these equations is that    ^J - x5 >o. 
Otherwise the impact would not occur. 
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The four Eqs.   (51) and constitutive equations relating P**   to (dx/öxT 

yield a formally deterministic system of six equations in the six 

unknowns     v, P, U   , Cö*/Ö>0 .    Thus we see that the desired 

quantities v and P depend on the pre-impact states and material properties 

of both  'S   .    The precise form of this relationship depends upon the 

constitutive equations of the bodies.    As a simple example, assume we 

have linear constitutive aquations    P" =  E^fCöx/öxT -  I } 

F* constant, and let the pre-impact state be given by 

p." =   o    . 

These conditions, when inserted in Eqs.  (51), lead to: 

v   -       e/uV -   p.'UV 

p     = V-Vl . (53) 

E 

Note that the denominators in Eqs.  (53), 2 present no problems since 

f>r > o    ,    E" ^ o      and       i-l   -   agn U*"   =   -  •sg" U   . 

This result is also appropriate whenever the intensity of the impact is 

small enough such that the non-linear constitutive equation can be 

replaced by its linear approximation about the pre-impact state.    In this 

case E*  is a tangent modulus evaluated at the pre-impact strain 

(^ax/a*)*   -   l   ]    =    o       .To further simplify, consider the 

case when both rods have identical properties (i.e.,        90= pr       , 

E s n **   ,    o< w i, 2. ).    Then 
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P =    e.^CVz-v4)/z     , 

(54) 
(üf=     E/9. 

In Eqs.   (54) U is positive, and since consistency requires    V -V > o   , 

P is compressive. 

Thus for the one-diinensional  case at least the problem of computing 

the post-impact state is easily achieved.    The solution of (51) for the 

fully non-linear case can be automated as part of a numerical  algorithm. 

Although this problem is trivial,  it serves to indicate that the post- 

impact problem, the solution of which is essential  in a numerical 

algo ithm, is one of wave propagation. 

In the analysis of higher dimensional bodies the solution of the 

post-impact problem becomes greatly complicated due to the geometric 

variety of impact conditions.    However, considerable simplifications 

can be taken advantage of if one keeps in m'nd the nature of the discrete 

problem.    For instance, if a certain portion of the boundaries of two 

bodies have coalesced in e, each Interior point of B, at which the 

tangent plane is well defined, may be treated, to the first order, as a 

point on the mating surface of two impacting half-spaces.    As long as 

time steps are kept small  enough, the local behavior is well  represented. 

The post-impact problem for the general case, analogous to (51), can be 

automated as part of the numerical algorithm, and for many simple cases 

can be solved explicitly. 
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With these notions in mind, let us return to the case of main interest 

in this report, namely three-dimensional continuum bodies.    We shall con- 

sider only the case of a frictionless contact surface ''Case II), and leave 

the solution of the post-impact problem for the no-slip case (Case I), 

which is more difficult, for future work.    With the proper interpretations, 

the one-dimensional rod formulation (Eqs.  (48-54))    suffices to completely 

characterize this case.    This is so because no tangential motions or 

stresses may be communicated across a frictionless surface, and thus we 

need only consider the configuration of normal  incidence.    In this case 

the requisite constitutive functionals in (51) would be those relating 

P^ , the normal Piola stress, to the normal component of strain, holding 

all other components of strain fixed at the pre-impact values.    For 

example, in the linear isotropic case, E"* (Young's modulus) in Eqs.   (53,54) 

would be replaced by    ^\*-2yuv       (   7?yjj? are the Lame and shear 

moduli, respectively) and the propagation velocity would be that of 

dilatational waves. 
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PART II 

A NUMERICAL SCHEME FOR ANALYSIS OF 
 CONTACT-IMPACY pftöÖLEMs  

8.    Numerical Solution of Contact-Impact Problems 

In performing numerical computations based on the above described 

varidtional formulation for contact-impact problems we have employed 

th'-ee distinct levels of approximation:   (1) a spatial discretization 

of the bodies and contact surfaces,  (2) a temporal discretization to 

detennine the response of the discretized bodies, and (3) a numerical 

solution for the resulting system of nonlinear algebraic equations. 

In the following sections we shall restrict our attention to the 

Hertzian contact problem described in Section 5.    Significant numerical 

difficulties are encountered in the solution of impact problems; to 

complicate the problem further by introducing the additional  steps 

necessary to determine the contact surface maps for the full kinematically 

nonlinear case is left for a future study.    While this is a simple impact 

problem :n terms of determining the contact surface and the full power of 

the preceding theory is neither necessary nor exploited in its solution, 

many of the features of the general problem are employed here. 
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9.    Spatial Discretization of the Bodies and Contact Surface 

1 2 
The bodiesö   and^O   are dlscretized using standard finite element 

methods,  (e.g., see [5]).    In order to facilitate the computation of 

i discre^a Hertzian contact surface the nodes of<Ö   are arranged so 
2 

:hat they align with the nodes of ^» .    This is consistent with the 

notions of condition 3 of Section 5 and ensures that during determination 

of the approximation to the contact surface contiguous nodes of the two 

bodies will meet.    Thus, the simulation of the contact surface is trivial. 

The development, of a numerical model  for Hertzian contact problems is 

based upon the form of Theorem II'which uses (47) for the integrand of 

TTI.    For nuiri' i'ical computations we introduce the displacement vector 

u such that 

* « X'  *   w     • (55) 

For a compatible finite element displacement field the integrand of"^7can 

be approximated by taking 7^ (fe.o as the product of ^Ct) and %(z.-z:i.) 

(i.e., Dirac delta functions in space). This corresponds to taking -r?1 

as "concentrated nodal loads" which are the generalized forces of the 

contact pressure. With this discretization we can describe pseudo 

contact elements between each pair of candidate contact nodes. Let 

these nodes be denoted as (  )* and the generalized force as C^O   ; 

then 

-77? = ^ ^(Cifo) ( u^f*) - u^w * X^ - >£ )at (56) 

where  {i}    are the set of candidate contact nodes which span c ;   u*  are 

the nodal  displacements in the Z3 direction and X^ are the nodal coordinates 

of the candidate contact nodes.* 

*We assume here that 3 is the direction nominally normal to the contact 
surfaces, e.g., see Fig. 5. 
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Use of the finite element method in Theorem n'with-rrt given by 

(56) produces a set of nonlinear second order ordinary differential 

equations which together with the impenetrability conditions define 

the discretized contact impact problem.    These equations take the form: 

Mu      +     KCu)    =   R , (57) 

where M is the usual finite element mass matrix,K represents the elastic 

stiffness forces together with the contact terms, R is the set of general- 

ized forces resulting from boundary tractions and u is the set of time 
2 

dependent nodal displacements (which also include the (GO).    For inelastic 

materials Theorem 11'can be extended by treating the first variation as a 

Galerkin method (principle of virtual work) and replacing the elastic 

constitutive model by more general  theories, e.g., viscoelastic, elasto- 

plastic, viscoplastic, etc.    In this case 

K(u)     -~      KCu.a) (58) 

in  (57). 
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10.    Temporal Discretization 

A temporal discretization of the second order ordinary differential 

equations which result from a finite element spatial discretization of 

the contact-impact problem is accomplished herein by using the Newmark 

family of methods [6].    The Newmark family of methods is a one-step 

integration method with two free parameters which can be used to control 

stability and numerical damping.    The method is essentially a difference 

method in time.    The behavior of the method for linear elasto-dynamics 

problems is discussed in [6,7].    The algorithm is given by 

(59) 

and     VJ1 "*•   ~   «■"   * O-O^t ü.„   ■•■    «■ At ü „♦, 

where      u^^u-Ct,,)    t    ^t^-t,,.-t^,     ana    /S,v 

are the two parameters.    For linear problems    ir=.5*S = .5 produces 

no artificial viscosity and      /G *»   x o* ^ )2 produces unconditional 

stability (i.e., the method is stiffly stable). Such generalization 

is not possible for nonlinear problems and during solution it may be 

necessary to monitor the solution  ror any signs of instability.    In (59) 

/6-o    produces an explicit method for    LU,,  and if Ml is diagonal 

(lumped mass) with K and U independent of ü the solution can be advanced 

without solving a large set of simultaneous equations; for all other 

cases the method is implicit and equations must be solved.    Solution of 

(59)1 for   ü,,., in terms of the solution at  t,, and   ^„„gives 
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which can also be used in (59)2 to express the velocity in terms of the 

solution at t„ and u^.    Since in this process we divide by ß and At 

it is no longer possible to consider zero,« or zero time steps. 
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11. Solution of the Nonlinear Algebraic Problem 

Use of the Newmark method in (57) (including (58)) yields the set 

of nonlinear algebraic equations: 

where 

A Newton-Raphson iterative solution to this set of equations can formally 

be constructed, giving: 

wnere     ^5        is the 6^^ect of loads varying with the deformation 

drid 

is the tangent stiffri?ss matrix.    The coefficient to  Aa." is generally 

called the Jacobian matrix of the Newton-Raphson iteration.    The 

solution is advanced by taking 

(»'.) (-> l-O 

**, A— -«■•» » 

and iterating until a norm of the solution satisfies 

||^LX
0

1I   *,    t  11 si «I. W (65) 
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where  e  is some small positive error tolerance.    In the work reported 

here the norm    II   II      is taken as Ua Euclidian norm 

H*  n  =(^ x^ yA    > (66) 

and the load vector R is assumed to be independent of u. For stable 

elastic materials the resulting tangent stiffness is then symmetric and 

positive definite, consequently, standard direct solution methods 

normally employed in the solution of linear finite element problems can 

be used. For inelastic materials or deformation dependent loads the 

tangent stiffness may be asymmetric. In these cases some special methods 

may be necessary to effect a solution. 
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12.    Discretized Impact Conditions 

In the previous numerical development c" has been defined by discrete 

points which correspond to nodes along the boundaries of <B and<6 . 

When, during the course of advancing the solution in time, any one of 

these points violates the impenetrability condition a re-solution must 

be obtained in which the(fc.r are now non-zero and the u.* satisfy the 

impenetrability condition.    Some control and monitoring are required to 

effect this in a computer program.    In addition to satisfying these 

conditions, the impact relations denoted in Section 7 must be invoked. 

In the present study these conditions are applied to the solution at the 

end of a time step in which points first go into contact.    Accordingly 

we compute from (50)* 

4..   a,, x »r ,i. i 

1 2 and assign this value to the appropriate node of "5   and eft . 

To determine the solution vector a. at t^., we have solved the set 

of equations (61).    As described above the shock conditions are then used 

to determine the value of the velocity at time t +, for all points which 

have come into contact during the time interval.    In order to get a con- 

sistent solution at these points we must modify the accelerations and 

contact force to reflect the shock conditions.    This is accomplished by 
1 2 re-solving the equilibrium conditions of Ö   and to   at point i.    The 

expanded forms of the appropriate equations are: 

kThe ( )_ denotes a value which is computed before impact, whereas (  )+ 
denotes'the value after impact. 
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and 

(68) 

For nodes which have come Into contact we must enforce the condition on 

acceleration 

yj.\ -Ü*   = Ü.4.    , (69) 

p 
and compute the contact force   (£.) +.    The solution for these is obtained 

from 

and 

These are two equations in two unknowns which can be solved for the CJL+ 

and (t^)+.    If   K^Cif-) is independent of velocity the stiffness forces 

and R^will remain unchanged during the impact, hence we can solve the 

simpler problem 

^ü,  - Ce-Ji     =    rfü}   -   CtS_ 

whose solution is 

and 

- M* ca! - a, ) 
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This completes the numerical specification of the solution at t   ,; this 

solution process is now repeated for each of the succeeding time steps. 

At this point it Is important to compare the solution procedure for 

impact of a continuum discretized by a finite element method with the 

solution procedure for a physical;y discrete body, i.e., a body composed 

of mass points joined by massless elastic springs.    Both problems may be 

described by algebraic equations of the form of (57).    The impenetrability 

condition is also identical.    The impact conditions, however, are different. 

For the discretized continuum the procedure is described above.    The study 

of the Impact of mass points Is considered  in elementary mechanics books, 

e.g.  [6],    The impact of two mass points is described by Impulsive 

motion such that at c    the velocities of the two mass points are V_    and 
2 1 2 V_ ; after impact at time t+, the two points have velocities V+ and V+ . 

1 2 The two points will not in general stay in contact (i.e., V+  ^  V+ ) 
1 2 but will rebound.    The conditions used to compute the V+   and V+   are: 

Balance of Momentum* 

hV -C\/t    +    MHv*}   = c , (71) 

and use of an equation involving the "coefficient of restitution", e : 

v/ - vj 
-.---r - = • (72) 

For e«i energy Is conserved whereas for e=o the points "stick" and 

energy is dissipated. We must comment In passing that (72) is the energy 

* -C*c*>> = fCt») - fct.) 
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equation in disguise. To see this we can write the jump conditions for 

energy as 

xHl-LCV,)a'> - iMH(V^> - -0>   . (73) 

The term -C^ > can exist only if other energies are dissipated during 

the jump.    We rewrite (73) by using 

where 

<v'>= i(v.' vv')   . (74) 

Use of the momentum equation (71) then gives, after dividing by   tA -CV 3" 

<sy,>   - <V*>   =    -£»»> 

M1 iv1} 

or after recollecting terms and dividing by (V.1 - V. )  we obtain: 

,2       .l 

^ -^     =  i -     üj: . (75) 
v * - v2      ^ -Cv,> (V- - v.1) 

The significance of the coefficient of restitution then is associated with 

the right hand side of (75). 

It is clear from the above developments that the numerical simulation 

of the discretized continuum and the physically discrete system involve 

two distinct methods for treating the impact conditions. It is imperative 

then to associate the correct method for the problem at hand. In the 
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present study we are Interested in the impact of continua, and in this 

case we shall employ the discrete shock condition to effect the solution. 

This a priori assumes that the response we are computing involves a 

time scale associated with wave propagation problems. Consequently, we 

cannot expect the computation procedure for advancing the solution in 

time to be accurate if we take time steps greatly in excess of transit 

times through each body. In this context it may be important to consider 

an "explicit" time integration procedure in future work. The stability 

restrictions may be too severe to make this feasible. 
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PART III 

FEAP 74 - A COMPUTER PROGRAM FOR 
SOLUTION OF CONTACT-IMPACT PROBCIffs 

13,    Development of a Contact-Impact Model for FEAP 

In order to incorporate an ability to compute solutions to contact- 

impact problems using a finite element method as described above it is 

necessary to have available a computer" program which can solve the 

nonlinear equations of motion given by (61).    The computer program FEAP 

is a general program to solve finite element problems.    The program has 

a capability of solving both quasistatic and dynamic oroblems and can 

incorporate several   types of elements simultaneously.    The nonlinear 

capabilities required for the solution of contact-impact problems have 

been incorporated into FEAP and currently includes the user options 

(see Input Instructions): 

(1) Selection of quasistatic or dynamic option: The dynamic option will 

integrate the equations of motion using the one-step Newmark method 

to advance the solution in time.    Quasistatic analysis is accommodated 

by any one-step algorithm.    The algorithm employed is incorporated 

into each element routine and thus id defined by the developer of 

each element.    Impact problems require description of the contact 

surface and wave speeds. 

(2) Selection of the nonlinear method to advance the solution:    Options 

include: 

(a) No iterations in each time step.    Unbalanced forces at each 

time are added to the next time step. 

(b) Iterations in each time step to achieve a balance of force within 

each time step.     In this option the user can select to reform 
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the Jacobian matrix for each iteration or only at the first 

iteration in each time step. 

In the impact problems solved to date it has been necessary to use 

the general form of the Newton-Raphson algorithm.    This includes a complete 

formating and factoring of the Jacobian matrix for each iteration of each 

time step in the analysis.    If the method derv;ribed herein is to become 

computationally effective improvements in the computer program are para- 

mount.    Undoubtedly the most important aspect in reducing computer times 

is to introduce a substructuring system so that the highly nonlinear 

equations in the vicinity of the contact surface can be isolated from the 

remainder of the bodies.    This will normally involve only a small  number 

of equations in the total  system of (62).    The solution of a large finite 

element problem will generally concentrate the computer solution time in 

the forming and factoring of the tangent stiffness matrix.    The fewer 

times that it is necessary to perform this costly step the more efficient 

tne solution algorithm.    Substructuring can be used then to restrict the 

part of the equations which must be formed and factored often, and thus 

greatly reduce the computer costs in analyzing impact problems. 

The version of FEAR which can currently be used to analyze contact- 

impact problems includes,  in addition to the nonlinear Newton-Raphson 

iterative algorithm, a new special contact-impact element and a new sub- 

routine to describe impact surfaces and the discrete shock conditions 

described in Section 12.    These are described in the following sections. 



51 

14.    Contact Element for Hertzian Contact 

The contact-impact element which has been developed is called ELMT05 

and can be used along any coordinate direction.    As developed it cannot 

be used aloiig normals which are in non-coordinate directions.    The 

development of the contact element assumes that within the framework of 
1 2 

linear elasticity theory a node on  J   will  impact on a node of^3 .     In 
2 

using this contact element we shall assume that the contact surface on   ' 

is located at larger coordinate values than the contact surface of J . 

The contact elenent is described by three nodes     Node 1  is associated 

with.o , Node 3 is asso'ated wither, and Node 2 is used as storage for 

the contact force (6) .    The user can select the direction of contact 

motion by specifying the degree of freedom of the nodal unknowns to 

which the contact is to be measured;  this must agree with the physical 

direction of the element (see Fig.9 ).    The degree of freedom for the 

contact element is specified during the MATERIAL data input and consists 

of a single card in 15 format.    The element nodes are described along 

with all other elements according to Section 4 of the Input Instructions. 

The Node order as shown in Fig.  9 must be observed. 
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15. Impact Surface Description 

The definition of the impact surface includes a list of all elements 

on the contact surface together with the degree of freedom describing the 

direction of contact motion (as described above). In addition, the pro- 

duct of mass density and wave velocity (always a positive number) for each 

body is input. This assumes, currently, that (1) each contact surface 

belongs to a linear material, and (2) the same material exists along all 

of the contact surface. This data need be prescribed only for impact 

problems, quasistatic contact problems do not require this data since 

no velocity or acceleration computations are performed in this class of 

problems. Data to be input for the impact surface is given in Table I. 

Table I - Impact Surface Data 

CARD 1) (6X.A6) 

COL. 7 to 12        Must contain CONTAC 

CARD 2) (2F10.0) 

COL. 1 to 10    pU   of body 1 

COL. 11 to 20    ^U   of body 2 

CARD 3) (15) 

COL. 1 to 5        NLIST, number of elements on contact 
surface 

CARD 4) (215) 

Repeat NLIST times 

COL. 1 to 5        Contact element number 

COL. 6 to 10       Degree of freedom of this contact element 
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16. Example Problems 

Two example problems are included to illustrate the characteristics 

of the methodology and the associated computer program described above 

for Hertzian contact problems. The first problem is a quasistatic contact 

problem which is used to demonstrate the ability of the computer program 

to compute an evolving contact surface. The second problem will demon- 

strate the ability of the program to properly model the temporal response 

of an impact problem. 

To model a problem in which a contact surface will change under 

different load levels we consider two beams with an initial parabolic 

curvature. A symmetric configuration is analyzed and the resulting finite 

element model is shown in Fig. 10. Each element is nominally one unit by 

une unit. The gap at the load end is initially 0.5 units. The material 

properties used are E = 500 and v = 0. The load P is applied as shown 

and allowed to increase linearly in time. The problem then is to deter- 

mine the contact surface at various load levels. In order to eliminate 

a singularity in the system of equations it was necessary to permanently 

attach the two nodes at the symmetry axis of the contact surface. All 

other nodes along the boundaries between the two bodies are assumed to 

be possible cont-ct points and contact elements are assigned between 

vertical nodal pairs. The load was varied from 0.2 to 0.8 in increments 

of 0.1 and the computed contact surface and forces were computed. These 

are given in Table II. The deformed shape at a load of 0.4 is also 

shown in Fig.10 as a dotted form. The attached node at the center has 

influenced the solution at loads above 0.3 since the contact pressure 

there is tensile (negative). The force is small and should not greatly 

affect the actual contact region computed. As the load increases the 
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contact surface moves toward the load. This is conceptually correct since 

if the beams were modeled according to Euler-Bernoulli theory the contact 

force would be a point load which gradually moves from the center to the 

outet edge according to the relationship (using the above values for sizes 

and material properties) 

This relation predicts that the contact point will be non-zero only after 

P exceeds 1/6. The finite element model is in qualitative agreement with 

this beam theory, but since shear deformations are included the finite 

element solution gives a distributed load on the contact surface. It is 

interesting to also note that the contact force over the center of the 

beams is zero,just as in the beam theory. 

Table II - Contact Forces 

X -COORDINATE BEAM 
LOAD 0 1 2 3 4 5 THEORY-X 

0.2 0.2 - - - - - 0.83 

0.3 .07 .23 - - - - 2.22 

0.4 -.01 .07 .34 - - - 2.92 

0.5 -0.00 .02 .23 .25 - - 3.33 

0.6 -.01 - .09 .51 .01 - 3.61 

0.7 -.01 - .07 .45 .19 - 3.81 

0.8 -.01 - .05 .38 .38 - 3.96 

This problem demonstrates that the computer program can model the 

evolution of a contact surface. Of particular importance is to note 

that as the load increases the program can both attach and detach a 

contact point. This is an essential requirement for the analysis of 
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impact problems as is shown in the next problem. 

As a simple example we consider the impact against a rigid wall of 

a finite, linear elastic rod traveling at constant velocity. The rod has 

a modulus of elasticity E of 100, and a mass density P of 0.1. The arrival 

velocity is taken to be 0.1 (units may be assigned in any convenient system) 

The rod is taken to be 10 units long and is divided into 10 elements plus 

one contact element as shown in Fig. 11. At time zero the rod is just 

arriving at the wall. The exact solution predicts a contact duration of 

0.2 time units. This corresponds to the time required for a wave to travel 

from the contact point to the left end and back to the contact point at 

which time the rod will part from the wall. The problem was analyzed 

using FEAP with time steps of 0.01 unit (transit time across an e1ement) 

and the rod remains in contact until time 0.20 units and has rebounded at 

time 0.21. Thus the program can predict accurately the contact duration 

of the rod. The finite element solution obtained is compared with the 

exact solution In Fig. 12. The agreement of stresses and contact force 

is good. The largest discrepancy exists in defining the shock front, 

which is "smeared" by the finite element method and ordinary differential 

equation solution method used here. This is the same type of solutions 

which are commonly obtained with numerical solutions of this type even 

without Impact. Solutions such as the impact shocks generated are probably 

one of the most difficult responses to accurately calculate by a finite 

element method. 
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17. Closure and Recommendations for Future Work 

In the preceding sections we have presented a theory for contact- 

impact problems together with the numerical development of a Hertzian 

contact-Impact model. The computer program FEAP 74 has been modified 

to include the model and has successfully solved a contact problem and 

an impact problem. The work reported herein must be considered initiatory; 

the general theories and their numerical implementation have not been 

completed. The problem is of such a complicated nature and the literature 

existing prior to this study was so meager that we consider it fitting 

to document the work completed thus far. 

We have attempted to qualify each stagt of the development throughout 

the report, however, It may be fitting to reiterate future work which we 

consider to be essential for numerical models to be effective and efficient 

tools for predictive analyses. 

(1) The restriction of Hertrian type contact must be removed. This 

Involves the non-trivial task of finding appropriate numerical 

methods to handle the jL*  maps. 

(2) Improved methods for solving the set of nonlinear algebraic 

equations must be found. We have suggested two methods which 

should be considered: (a) Substructure the problem about the 

contact regime so that a more efficient forming and factoring 

of the tangent stiffness can be performed; and (b) Since the 

Impact problem is a wave propagation problem an explicit 

time integration of the equations of motion should be explored. 

In complex situations the explicit integration mp*hüd may have 

severe stability limitations which could make it unacceptable. 
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(3) Methods of utilizing the shock conditions need to be explored 

further.    We have noted some peculiar anomalies when the bodies 

separate.    These appear to be caused by a shock like separation 

phenomena. 

(4) When the wave propagation property of the impact problem is 

ignored by taking time steps greatly in excess of the transit 

times in a body the computed response is meaningless.    Under 

such situations the bodies rebound within a single time step. 

Currently the rebound velocity is much too large.    When the 

shock conditions are used for a class of problems where the 

response desired is in the   target   instead of in the impactor, 

it may be expedient to take a large time step.    Methods should 

be explored to accomplish this capability. 

The above recommendations for future work should in no way minimize 

what, has been accomplished by the present study.    For the first time a 

contact-impact theory in the form of a variational  problem has been pre- 

sented in a general  form.    This formulation was motivated by the fact that 

numerical solutions would be obtained by a finite element method.    In 

addition the necessary foundation for the numerical  solution has been 

thought out and within this context a computer program has been developed 

for Hertzian contact-impact problems. 

The implementations considered here have produced results which are 

hopeful signs for the eventual  success of the more general   impact problems. 
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APPENDICES 

A. Input Instructions for Contact/Impact Problems 

In order to analyze contact/impact problems in FEAR, users must 

prepare the data for a time dependent analysis. This will include 

the following Data Type Identification Cards (see Section 1, 

Appendix B): 

FEAP 74 

MATERIAL 

NODAL 

ELEMENT 

CONTACT (for impact problens only) 

loadings 

INITIAL CONDITIONS (if non-zero) 

and 

VISCOE  (for quasi-static contact problems) 

or 

IMPLICIT  (for impact problems) 

In performing the necessary solution to (62)  the full  Newton-Raphson 

method must be employed; this is controlled by the data in col.  76-80 of 

the first card following the VISCOE or IMPLICIT card, and consists of a 

negative number (negative uses full Newcon-Raphson iteration with the 

absolute value of the number giving the number of iterations to be per- 

formed before going to the next time step).    As an example of the required 

input data Table A shows the input data used for the impact problem 

reported in Section 16. 
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B. Input Instructions for FEAP 74 

The input instructions for the description of a finite element 

mesh, together with the initial and boundary conditions, is described 

by subroutine MANUAL listed on the following pages. The input of the 

contact surface for impact problems is described in Table I of this 

report. 

The description of material properties for the contact element is 

described in Section 14. For material properties for other elements 

in FEAP special input instructions must be supplied. 



66 

o r 
UJ 

a 

in 

fM 

UUOOCJtJ(J<_)lJUUiJUUl_)UUUUUUULJOU(_)tJUU_JUIJ(_'UUUUUUUU(_lU(_)L-)L.L.iC-jLj^LJL.il_J 

^~^~ — ^» — — — (\rgrvirvirvif\iW(NrgrgfOMroforoMMMroror'int^'<?'t,:T't'rT'T't'T-T'Tu'' 
z^rzrzrrrrrrrrrrrrrzzzirzzzzrrrr^rzrrrrrzrzzzizzi^rrrrrr 

a 

r-j 

t- JI UJ«-    ■       Oi Z —                       LJ 
t ainf-Lo    oai-                z 
r aio    UJ    u.     cracti-     — 
t uat-cj          -z     mz    h- 
t O     «-"a     incoctUffiUj     ri 
p ai-uo    ujLuujr^. rriua 
f 
t a. UJ _J     ui ►- i. J t- r: _j T ü i 

wCcL_Jict_ia:r     LU    ZI 
ujx<rH»-Q.     >(-     x LM 

\ in 
J o 
t u: in_iuJO    <i         o — xu J <r ■-HD      O U. IT    •     • CL L? '_i — Ul 
*■ u tn    o z o     (.n UJ ü- — x s x 

>-.E           I-_|_I      OUJ.JK z 
-J                  a _JKCTOI-Z_ja3> 

v o                 r-   z z CT3    uj^ujujamo   -u^z 
ZfLl-N)Q.r I _l 3UJX — 
/^F — ^Fujtn — >t—zo 

r- a:                   l-    a o    z 
i F              ra    - —    a 

a. Z                   OQ!     in (-    — a3U_iZ3_i     acü    ——  ■ 
a o           z —UJ    a 3     1-      Z w o — <r o UJ  . > <E a J-1- 3 
UJ u           oi-r    uj 

— aiu    >               tu 
_i    a    o in \ _i o:        >- x a     xi i_) tn 

u. o    a    — u Kh-ILUJO t- 03 tn o z — 
z3Ezz   . —UJ —— Ctx ß                »-QJL3      Z                      «_) in    CD    >- 

% z        zauj       o    z        on m     a 
u    Fza: 

z m Q. •—UJ X 1/1 LJ a:-J      03 u.   • 
Ez     u     UJ — x     Z 3    CL o lOd           O M Z -I      U      O            O e u. a           «MüJCTJ_        _i        ^ ►-'      .TOU Ul —    •          « LJ 1—        1- Z 01 LJ U i 

(kz        K-ik'jo^zzt- in»-    —-•uj a; _j    a o a a. üi yi r         — i- 
^XCTUJf-OXlJUJUjH-ijiU^ in QO        auj    OQ.oco<r t-z_i a: 

t- 3—        zi-_jzz-i —a ^oa: <ri-    i_)<rz i UJ in UJ cü a u. _i UJ r u. r. i r f t-        ~ua    —tnJ-aiCL —o oinz —a — •s UJ-Z. *— CU       UJ_JUJUJUIQjX 
E—'a     ^     QJ_IXE     a. vc        Cao_i    tuazzi-o _j    oEu tn_j 

Of r K ct —        a: a oa uji-tt: UJ — — z tn in u. -«<r luui LUO ui     _i«_) >- x a; o tu -r; UJ a. ■ r □ a ot-    ujiua z—äauio    o    oo_io»-zt-i: 
t- — QIJ»-I    l-oaz     a: z o a a a     sVz — 

— a; I- a ^ in z x x a.        _J 3 a 
u. CL r &.\- — UJ       UJUJ       UJQ.Z       UJ o 

z in to a: E en x     3   •     u. '.-■ u uzttz     U_JZUUUJIOOUJOOZZ_JO —H^: UJZ 
K o UJ ui^-aaz    <riu        (j(.n>-urj_i_iooo            CJILOO — UZQ-UJI- — -CIXLU     r 
n tt a:_Ljzo _I-<3>O    UJU     — •—•-in (-t-1—ui in    u ^       O       _IZ_1X       XXH- 
0. a. t- — i:    o—'dHaat-t-iruj _i_jujt-i-K    — ——.x 

öuj^     ►- — ziua    z     >a<rLJZQ:a(-n_)(_iuu 
UJQ- 
EUJI- 

U. UJ —    « UJ UJ       O U- K t- UI I z J ^XH--      E_J —-r      X;- 
l— <I (¥ Cl UJ X I— LU _ J " J LU 1- - PO *■"• IS) | ^ -i(k:uj=i(kuju->ock:uj^     " tu cr UJ 

atna-ii-iUJ^ i z<rrcjat-uju.I: 
k-oCt-ujFozz)_iujouj~zauj 
aauj —xaujooo_j_jtnzuj3_» 

o———~— — Z) • ■"* ; CLH»- _i_J _i11-a;a. 
o — <r a. CL a. in o a F- 

_l      3 <I Z (_' Z 'X X u.' Z  -J — 
DC a tn V o xooujxaoxii"     --    3 z > $ i^zHxrruj -lOO a H UJ z    _i ■— a.   "•"  ■ t- u-i 
t<i <r _l u oQ.a»-ujci/iz(iiQ.ujai3 —(Juiuj(L--inuj~ —r CLU.O UJ             — _J CL L."i LU   - LU U  X • <r ztnu._i<rLox     -j—i--1    a 
rj _i «i z X UJUIOZO — LiJUJU._jt- u' 

(j i    o o is E -J in. <T r i > a z <x 
z n o tu in z z z    -«cr 3 LJ UJ i m o z •-* h- TT^        —    aa    z     aa     into >UUUJ UJ ^ •—• o         c* t— —) ij")    c* 
"-■ g t— z Ci 

a-a-jQ-ujauJzarcjP^-i-KKr 
arh-oFoza-iujOLi — aoo 

UJ _l — — o Z —•    < C lu       LL        LJ —' LJ C^ 
in u t c >a-j_n_)it-a tn ot K K UJ r J Lü 'T ;- r      .■ UJ 
ot r) ^ m _iinQ.Q.Lncnazi ■- 3 3 Z CD — UJ _l a - •    ■ — 1- 
$ UJ P UJ s UJUJ —►-<roiuoo_i_jujzo_i_j 

u.ck:»-inrzL30Dü.ujm5 —u.oauj 
OUJXE~UJ inauj~>r 

_IO u _JUJ-- .Jtt. - Et- - »--a r _j •—• O-U- T    o e a. a x         3 M r UJ 
■** in UJ N-xinzuctFou'io — c r. &. t- z ♦ Q.U     uiinui     —iCLCiia — 

UJ ""; ^" ^ ♦ Ct«—OO-UJZCJUJUJLJ — CD .J 
_J o * UJ I z UJ ct UJ z — ui xi rTi ": u. 

u.~aciQ.(Jxu 3 i. ■     ui & 
b_' a. Oi '—' ■* ZI 

O 
u 

00 UJ r ■* o 
" 1 

(1) 

in 
3 u. 

y 

(J 

(Dia — fjMOK) — MroQ — CD — S5 — Mroo    —f\i    M rjo 

— fsi rj CM (M ro n Tl "J üT ü"I ^ UD r - r. r- h- GO      CO 00       (T CDi^ 

i 8 
8 

2: 
or 
a 
u 

r..- 

t. ji 
* 
J U (_) LJ l_ OIJlJUOOU^UUUUlJUUUULJt_l(_)(_)l_)UUL.iLJlJ(_i(JCJUl_)l_)Lj!_l<-JLJLJLJi-i.Jl.JL.'L'L 



rg 

67 

a 
z 
UJ 
a 
a 
a. 

rvj 
If) 

^JOLjyUUUlLJl_JLj(_iLjl_iLJLJLJUUUUUUI_)lJ(JUl_)U(_)U(_)UUUUUUUUCJ(_l'_iUL.iU'Ui-'i_'._.U' l_i '. .". J     . 
— rj KI ^ ^ UD N- co ai o ^ rj ^^ n UT as r~ co en CD — fvi ro ^ in vo t^ oo (^ (D S — og M rr IT UJ i - ai en OD —• tvi ro ^T u- 'Xi r - co '^^ C' — i - 
n in iri u^ ip üT u^ u^ to ixi ^ ^ 'X1 us UJ <J? UD 10 ^ ^ ^ ^ f- r~- r- r- K fv. K CD oo co co ro co oo co to oj cc w (r> o> w ^i ^ o t 

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiliiiiiilsi^ 

Z                               •    ■      (_) in ^^ 
•UJ                   Z'-.    i- 

UJ ?!     •                          OU1       LU 
K- a *  *        UJ in> ^ X 
z a.1 « » ♦ en 0 03 > eo - LJ • Ci UJ "^                         ■— _J                  UJ £ O; l-> * o o LJ , J'l 

ro C _J .1    •                 »■- _J         -co a Z)-J01ü. GQ 03 • LL 'I LU 
^ Z UJ ü: en              <r UJ     co UJ * 

Four) 
ZUI <I eo a. Ö 

X tt en              UJ i_)     UJ     o     UJ _J l!^ CT eo LU —• OH 
i Ct u: I UJ               —          O     H     03 UJ Z      Q. Ü- 01 o - t-^t z a 

C4 UJ UJ      ~        •      u. ro     o   • o — — ZD Z —LU LU IU CO O lj ■-• 

* Q.QL;-LI.   -UI     •—UD     ZIOQ;     O u ~t- aou. _i ZOLJ z (_■      z z r. 
r h-U-i/lCt        t-w             yjQ       F CJ »- ~ o.—    a O     ej a :•<    ~ t-. i" > 
CJ f""11" i.n c»; •— Ck. C       ~             •!_)>— 1 coo H-Q — _iza u. a -x o « CJ l-t « i_, UJ UJ (-ü i-     UJ x   •cnai-)    x _J INJ a z A <X UJU 01 UJ LU u. ^: LU z i J LJ 
K cttaod-int—I_J     ö — cnuJOUJfi"-' 

oujoo     Ljuj     —üCUJ--u.5(np£ 
• UJZC«.I-UJ>         FFI-         aF 

fMCk.    a.z>       •_iaaaa^jCa 
■U._J     UJ     /-ctaEzujujcj    E 

—    at-Ot-uj—    •-CLMao 

a — Q.a Zl-MUJ men 
0 3 — 

G Z   -  CO " LU 

y CJ ck. * azi —ü. en      i CL j a 
g UJU-en *        D. JUI Z F m U"I O en ■I u. » 3* t- omzinEa — UILU LU l-       l        J UJ r.. 

a LJU-UJOUJOQi^ OÜQZ •—• u. -^     a UJ li- 

^ oej  • 
UJFa  > 

a     z —• in UUJ o 1- ci c u. a. Z i_' 
U.ZZUJl->-t-L»i>00 —OUJt- Qt h- U. h- 01       ZU. >at- a z o o LJ 

z •  «oct m _i—•_! z ujt-o: a _iu.(L z 
CL-Z    ujEuj_j--z)i-tt:oo.a    riy 
luocnFuj    —t-oa^o    ai-iDE 
m — uj>;^ujt-r)cjEü.u    UJZ_IUJ 
Etnujujuji^            o    t-zw    -J 
r? z a.         F     u, UJ at a _J z uE en UJ 

COUJOu. 
-.    FUJ 

a z Lc u: ui «a UJ OUJZI P ■—I                 LJ U LU * 5^K t-tKOCUC a: ego 
CLE ct 

»" 2 _ j c i/i LU > Ck:inut- Z)l-0       UJ en ■I UJCL t-- Cl u 
rj xsw UJ eo CL tn^Qien 

E             CT3 
nm U- 3 U- C LU  X LU L3 •—« .j _i VZ3 a O-IflB (■- LU 

en ujp    a I UJ K- O H 1- UJ eo    eo rJ or: oi u r-* 
z • zwcju-u.     u-ozoaa tyauj — 

a     1-UJOOU.O     ~u.    oE    _i    ui 
—    zuiz z zixi H p Z -JZ'UJ LL 

a a. aoa a ^ UJ 
Lü eJ E ö!t^um eo — uj X t- o     zu Z s. 

£ UJ_I-"0         CJ     Ck: _i     _iouj_iujrM — (*—CL UUI — IL          _J O LJ 

N
U

M
B 

T
E

R
IA

 
IA

L
  

D 
R 

 O
F 

U
M

BE
R

 
N

S
IO

N
 

S
IZ

E
 

S
IZ

E
 

rR
JM

BE
 

N
TE

R
 

M
E

TE
R

 
T

E
R

IA
 

A
R

E
   

N 
PE

   
E

L 
N

O
D

A 
)  

  I
S

 
LU

M
N

 
S

T
F

) 

UJ UlH t-UJüJ<IUJeüZ> r — F CL 2 in o UJ a i^i-1 
in Ct a, ^(j 

aE-jz 
ai_jo_i_io,i 
Euuj-Jiijujzzr 

— o a. o z    c > LU 
Z Q UJ a. o 

E LU z c 
LU * uio — ao   ■ eo P T 11- L'. 

—• - t-eox ntt * *■ * w a J UJ LU ^. —i Lü    a H-      >   "j    1-   1 
--•c 

E
M

E
N

T 
H

E 
  M

A 
S

P
A

T
 

N
U

M
BE

 
TH

E
   

N 
D

IM
E

 
TH

E
 

S 
  T

H
E

 
TH

E
 

A 
 P

R
 I 

P
A

R
A

 
IS

   
M

A 
M.
 n

 
. n
 

A 
)  

 A
R

E 
S

T
F

, 2
 

P
. 
  

CO
 

S
T

F
.N

 
n.

 

—       u * *  »- en Jt- z U a i->:: Lü o LZ O 
UJ3 •   •eoi- »". a. G ~i u.   u uu     r 
ztn > en >- — .«* •    « UJXH •i r: UJ ZL a Ü. in 

^J LU     3 ^- rvi rn t ui eo Cf i_l       Z3 « J.              LU i | •I LU'." 
_J  • — — ^ in i>  II  II II    n    It   LU a en o en Z 1— 1- iJi   -  CL U i_| LU 
UJt- „it-en         enm—•(/>     i     — — — ZUJZLL 

UJ     — ui en ~ —     — ""      -. G _j  • - t- w F 
01 1 ' 333 3 3 3 1 U. ~CL LU ►—i ^ — i.i.i a c -- a. a 

Z(_) z —  • en en eo in en eo en F CL a. _ c co '-J a 
.m iji      — —           >      —• '.n —t x UJ U. UJ 3 u. z w|-u- *•. — —& rszG a. LU U. — en U •   -   Z . U. —i 

r^ u.> en — E         — u. r j CJ     —   . - z o _) a, — (L 
—     —u.-j-JF —tut-_ ^r j^za:E»-E 

l-Z^ enz el Ct LU LU CO 'Xi 
A   • eja z3 a • Lü a: a. o. a - 

OQ zr. ct&iOujujcnuip-cjE ^>-X^ootnc 
ZEZZZZZZZEQQX~U.U.(_)UJt. 

LU ü ^ (n UIUI _1 a ^ t-j a U. LL 1  'I »      • *-u. Q z Z — CL Ü. 
«1 nu. 

E
R

A
 

IJ
HE

 
TH

E Z 

ry at- U- 
zco z ^ A 

z • UJ UJ       > ^ 
o Ju to in U. D . ^- UJ"I- y 
LO • <_p Z ZLJ i—« 
Qt za <r —• UJ _i G 

5 -'O u h- a. ^ z 
Zu. Zleoa »- 
Fu 

eo o    LJ z 
Of aett- z 
UJ t UJ CO rr LU & 
-i -IX oi nil 

neoF»- 
-J 

i UJ — eo 

z 
a 
oc 

Of 
l_J i_l i_l i-J LJ (_) l_) (_) '_> LJ Ul I_M j LJ I_J i. j LJ ij U LJ l_J l_ LJ i_j LJ ej u (_> ej LJ LJ e_i e_i i ..i I_I LJ u u eJ L-i e.i ej u ej i_ 1_ . 1    , .      c_| i 11 



ro 

68 

UJ 

a 

ip 

'_' !_) U '-* u I 
T u"< »i' ^- 03 en 2 
15J E1 C1 O CT C' — 

OI_>l-J(_)LJUU(_'U'UUUUUyUl_iULJ(_Jl_IULJLjtJU(_)ULJUUUUUULJUtJI_i 
N M ^ in >xi r- 0:1 cTi o —• f\i M ^ u" iiD r- co cn CD --• rsi ro ^ in 'xi r-- oo cn Q —• r>j ro Tt UT u) ^ 

I I_I LJ UJ U1 l_i U' U U 
Ü"J (Ti G — f I !•' t Q-i 'JD t - 

" — —• — Tsl (M rg (\j r>g fM fsl r-j ^j rj ro ro ro Ki K) M ^ M f^ ro ^T t   T t ^t ^ 1 ^t 1 T IT lO L ■ u   U" IT' IT' U"1 

liiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiliiii 

Q: a. a 

CVJ a. 
UJ • t a 

ct 
t- r .- ul ct 
Z F ct t- o 
Ezx z (j OT —4 a      .2    > UJ UJ a: o QL 

a; F Z Ci UJI-Cl. UJ Ul LUC —■ _J 
ctSz ox 

;-    a 
a: Z — 

V 
_j    >Q:    U  • X XQ.             UJ X • m 

_i •—• ul 2      UO    ■<!> H — X ZUJCK F X LJ UJ ~i CL C< .J • OUT F £v aü-Vau es     —ota. o Ct z _io     o UJ        X 
UlUJ a.F ^r CtVCt      U3<I LO uj >-      <Z UJ " UJ LÜ .^ Z a.     c 
t-m X *-« ouDzauoc ui C x a    UJ 

— E C UJUJ co 
_i z UJ UJ      o 

i TZU O u a U OCk. U 3 _i LJ > ö UJ i- ; - ui ^  Z 
(JO O — a Qtu —aau u.—     cnauj X LD z z LO x o: UJ \. . 
»-• 2 —.UJ LIT ro d»- u    u —i    in3ujx 

H- xF      II- 
ZUZUJF 

«KIOLJ Ct L1     - 
U.X t— 3 1.0 in u    a u u a UJ _l IOUI CL O UJ 

a O-l 3uuaa~ o X >- _i 3 _J o -  _l > a. o n aa — LS    Fu Sxief « • UJ O CD X        -J Ul Cu LU 
Ö_J (J z X L3    >-uja<r— u o Ci Z i—1 I—1 ■T 

zt- UJ a u uzh-aat- '— 3 L3     Oi o") UJ z I O O ■_' Ul K LL 1Ü 
<r— »- CI^ — ZUJOQ: UJ Ö   - o CL 1- Z Ct 1  CJ L.: 

u Zu"' u. I 0Q3-iraa • xxir)~_jQ. a. > X       U CD CL ö       LU 
1.0 ~ ■—F o M 3 O      -i 3 3 —. LJH      XCX CD ct I UJ r- I - • u. 
K- _J z u    oc _i n a LÜ — xa    a.o k- tn l-Ck.  - i- :r CL 

5^! (Ü — Lt _i      -a •I IQF03 
3       X L0 L0 Z 

ui L3          .       a/ Ck-O       C0Z Z LU 
- J UJ o UJ a   ■*-_!   ■   •   . N g Z      Z      O • X CD _J       O UE 
-J a uj ma. e i-K 0. 3 t-1-1- U. Q _l      O "       □       UJ in UJ - x ct — fc.  UJ IJ"' 

a a. LJCl.      (JO-tLO. • OO       XUT- Q      ~      (_! «z     z dh- Ul .1 uj 
(J> .J K- •3 0") ID UJ      TZ >. Ct     UJ     xt- - X      K-      UJ ck — x o - U. -I Ul I_I 
_J r UJ t- zoi z a. ijD — x — ro r- X 1- X >      X 01 

4  UJ      X       Ck x _I I oj " UJ       Ci •-^ UJ - O (J-i Z       3 01              — * UZt-X       LJ UJ I    rj    CL LJ      X i.n - Ct O CD 
1 X 3 ■"• — la ■J-I Ck. CK K K U tk 

aooFooo 
U") o _l XQZ I'.J Ct ZU 

►- F t- 1- UJ _l F <J •—• X Q O       L0 U. 
E UJ in o " 

CD UJl-Ck Z            Ui .    Cil OX 
UJ UT XCD ■—• u.U.    u.u.u. N^ F o (J3UJ oz ii:.- uJ.- 1^« 
A '- • Ck. OZ3V Ü", LO             LO >xt-oci:i- 1^1 a. XQ.I-      Z •-• •— LO —' UJ ct ■- _i rcj 

iÜ h- C3l-t-       Z z — i^vj z — (M ro U1 m    ooixz Ck Q.I- LJ      O 1-       Uj v-.       0- c I Ct I J 
1- 2JJ UJUT LD Ct ■'.J a.        a. *-* UJZXUUI Ct 3X       " LJ i o Tf         . -. i- * ijj *- -1 
13 cu *-« §5 <iaF 

t-- 3 "   » 3 II   II   » CL OX       LJ      cu 
LU ►- LO       X •— 

F X 1- O Ct       L.-i UJ UJ     ro LU UJ a: Cl   Z   _l  ! 
Ü. UJ ..J «3 L0 LJ 3      X      Ct Z ö -J       Z t-. Z U. I     ■ 
Z in 3=DUJ ■ ujr zujrriE u ä      X > H UJ X a. z x Ln iu z o _j ü. — o u 1.1  U   L   - »—« tn c Aw OKCk. Z CK — •-UJ — —— UJ z     1- a x it UJ 1- o u o > o z x o u. LJ c: ö     ijj 

u. •—• >-^ LUUJ 11 3       -J_l       -J_J J 21 iT-i O F —• O (- 3           Ct Z u         - tu UJ Ü.   ..i 
'I u 1=4 E ♦- Ck:      "? *-< o LU       0. t-       X -.- U O ul _I X O UJ LJ     ^ ^     " 1^ UJ O LU 
H u Z . *- a.    o^ii: — — »-FNFFF *-^ ü. i.o UJ Z 1— O F a K- X ULJ 1- F F i J      ii. F •~*      i.n 
a X • TjlJ O I      t- ■—• _l       UJUJ       UIUJUJ h- CL H i_J U 3 •-- ■UJZ — ZXX       lull Ll.       '               I 
Ö — ii n _j IU ii UTLO ii LO tnen a ~:-. c a. H F i- - ij Ul Ct _ICt ^ UJ   Li.     . !         I    Uj  L-i   Ü- i_.  . i -J L. 

M ',1-1 '-I 30 zi- LJ L0 E UJ — Z Z z CK.X ZE lux XLJE ujui         "-u Hi    I    1 UJ • IX —• 3C Sf a z — —             f— — —             --UJ Ul xFxEi-cj_ioujzza .-.D;- LU »^ i. -i   . 
OD o ■ x —u 

F_iz 
-I           u u. -J      UJ     tt o t- X I O X O O _J _l UJ UJ C X C I'J Ct O CM. 

u. UJ r to # z        z h-        -x aiuj —• LnöLJLjEZCL0QUJlJ1LDU.IL CD L3 u- Z Z i ■' 
ro .J *-• 1^ ZQOl- IU. 

rnzot    Fu. 
EX X           " 

• *-* GO .J z 
r^l • a ^ UJ 

r^- 1- _i G L-)       LJ    • U Q 
Z u »— UJX     ct z r-j 
o r z UJ L0 H UJ UJ •— UJ ta^ o o F UJ x -r Q h ^ 

x o .- ck »- — t^ •-• '—' ir DL O 
a K t- •—• c 1-              OLUU h- 

^ U I X u. LT)     li: i 
oo 3 >a.;- UJ CH -J r. 'T ~- ^^ Z X                   X 0. 

LTI L3 j X ozctt- 1-. Ul Ct U  _i Ct 
tf^LJ             Z 

C'      u 
a UJ a F I UJ -JXUJZ a. .J x UJ x x 

I-E1-Q_1 
1-         LJ 

UJ UJ ■-j 1 i_) p. _j     F m 
x J^ o z z 3 
UJF u." —F 

_i •a UJ Z LJ ' i      u. 
_J UJ z Ci O ILI " ui x n a 

i- a. r z u. 
_J UJ _l              3 UJ —• 'Vl — i_( u ui LD m         tu u 

fc ^ 
o 
u 

ct 
o 
U- 

T 
'> 
U 

uu J l_l l_i U) LJ '_) 1_H_ILJ U U '_! U CJ (-ID (_) l_) (J LJ (_) LJ CJ CJ UJ LJ (_) U «J LJ (_) i..i i_i LJ LJ U U LJ L i i- i LJ LJ     ' L ' ■   • '   ■ •. ■ L- 1.      L   ' LJ . 



o z 

a 
LL 

69 

u"1 

>_' l_l LJ (_) i-J _ ' J UJ U ^J U '_• ■_! LJ '-J C' LJ 1_) U U U U U Ul O l_l LJ UJ U U) LJ UJ U L-i LJ l_) U IJ LJ U U LJ LJ U LJ (_' i j ... i_i ..' U' -' Ui 
m cn a — f'j r-' 7 ii'' i£i K co cfi CD ~ '" i f»"i ^ u^ u3 tv co (r> o — r\i M '7 in U5 r. oo ai S) —■ rj M n ij' 'Xi t- co (Ti o — IN K1 T J- T t - QQ ai c ~ 
IP u"> U3 IJ^ <ii 'i" >£i «ii <£i 'ii ijj ijj ru r» r- N, fv. ru fu rv r~ fu Cn CO TO CO 01' 00 fT CO CO oo 0", (Ti iTi Ci Ci Ti Ci CH rri rf, si Q Gl'-::' '"""l ^ '-;' " '-' ^", ' 
™ — — _ ..., — — ™ — ^ — — — — _ ^ « « ^ — — ^ ^ ^ — ^ ^ .- ^ — — — — ^ ^ — — ^ ^ ^ — rsi rj rsi r J ij n rj i^. rj ■;. ^ j 

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiilli*!^ 

(M 

CD 

Z 
o 

a 
UJ 
_i 

a 
ui 

(.n 
a 

r 
a 

•   -ui 

UJ ui 
UJ U)> 
QCOL ~i 
oor u. u. o 
uiir, i 

I^UIO 

>< 
l/>l/)U 
(JOZI 
z r UJ, — — P, 
11- 
ootn 
_J _; r; 

Oi 
UJ >- ui 
uiz    : 

u.Eu) 
a JJ UJ ( 
5_ix. 
LO UiUM 

in 
i- z 
ZÜJ 

^ r: UJ 
UJ i J Ul _1 
—• a _i UJ 
i: _IUJ 

a QD    « 
^    r r. 
;- a. o a 
W'J O Q. 

U     • 
a. x a 
a et r et 
u. LuaUJ 

a: - 

_i i-i 

UJ i- J 

■ UJ 
CJ U) Zl 'J 

U. _1 ui o — a: 
U. Ü4Ü —I 
uoza 
■.■I z a c> 
uj o 
a:.- z z 
Ü.CÜO   • 

QO'I UJ 
I — U -I H 
. H u 3 a 
.--uir r 
> u. a a ■ r a. o ■- 
o ^- U- m 

:cj 
I     01 uj uj 
i _i — F rt 
. Ct LH UJ UJ 
— V _J (_) 

I Z Z OCi- 
. — 1UJ w 

3' 
Ut- UJ 
00- Z I 
_J —' 
COÜ. Ci i 

u)Z • 
c ui a , 
r UJ    i 

tt. UJO 
UJ _jcn 
t-CQ, 

rCLOJ 
(X 

V     ui 
ODuOO 

ZUJ 
UJOU 
O--UJ 
IU> CL 

u UJ u 
UJCL  - 
acu 
CL       >" 

UJ _l 
et in z 
O DO 

CO 

Ck- 

i — 
Ck. Ot 

UJ        o 

o 

i— 
i 

u 
L3 

UJ •—^J 
>        > 
_l U) -J 
o —o 
'.'11- (Jl 

10 
u; x LK 
O _IO 
U. UJU. 

Q 
Ui LJ OI 
•i ui a 

a >a 
: t-     i- 
a a. a 

_IPI- 
au.a 
<JI<Iö 

(.■■> - 

, ,^L 
nr --i I-J 
t~. o — 
a ui _J 

- ui C 
& ci — 

T _ia 
ui     en 

UJ H Qj 
•I 

tu t— UJ 
i—■ Jl Ci 
UJ I UJ 
'_! — (_) 
UI U' UJ 
iil Ttk. 
a. DO. OuiO 

ii.az 

enen T 
ÖC4 —. UJ 
a a 11- ^- 
O (T (.0 O — _i 
_l _. U _i Z CJ 
CD UJ t a. " ui 

i-J '-.' UJ UJ 
_i    " — □ —a. 
n     . J _i (_i a :J a. 
ui      fL Q, r/i 300 
UJ r — ooP 
a.     UJ ~ > a. a ui 

h- 
u. 
UJ 

z 
in    _i •_• 
ar _i h- 

oa Ü. 

tfK3 
■X 

az)o Ul 
ui _i _i 
wQ J c 

i/)0 UI 

z    u. X 
oa 1 1 

~1U^ z 
t-~in 3 
— Ck:a CL 

ao w CO 

fcLV •'- 

OUJ — a 
U »- X UJ 

•IUJ 
Ck. -J u. 

t- 
z 

I   • 
u - 
cro 
Ui UJ 

»< u. » — 
V I 

UJ Ü1 

• o 
üt z 
ui a 

ü CJ UJ 

1X1 UJ 
CÜ 

j ct a. 'X in 
oa > 33 
i u i- .j r 

<i 
• UJ UJ en 

a a. 11- z 
H >(-mo 
at- o — 
a    U-EH 

UJ O U) 
U. I O" 
oy-CZCklfk. 

z3ciu(ji 
ooct     u 
— -jot a; 
t- _i    t. 
I_I O CL UL .-J 
UJ u. a >i z 
to    _i ui ci 

>ou. 
i _iu 
ui uj —• UJ x 
at-t- it- 
UJ a CL ►- •! 

— a    a 
Z^CLH 
UJUJ    a; u. 

UJ t- UJ 
CO H     • CL Lil 

in a. LU 

f- 3 UJ ui I 
en r ö >: ui 
— ü.UJ'T 
'.< Q O LU 
UIUJ 

LOU QL Z 
K- :3 UJ a: — 
a    a. in 
C UJ o iji o 

OJ CL UJ CL 
lO       CL i_i 1 
an    UJ ui 
CLK z z 
a    —    >-   ■ 
UJ X       LO CO O 

K UJ •— ÜL UJ 
^r. a CD       "— > 
i n ä m u. CL 

UJ       K- Cj       UJ 

u ui in a. i^i in 
y x z 'i x m 
UJ t~ i! ui >-- o 

tn 
-      UJ UJ 

M      O -X 
UJ ^ I— 

Po^ UD U. 
LL —' (- O O 

—      CO h- 1 
^- en a L'""' 

CL — Ü. U    Ü. 
r UJM 1Ü UJ  T 
UJ O    • 4 J   1   J   ij 
_i<rrj Lu X U  UI 
ODUJ   • CJ UJ O UI 
01 — O X U. ui 
tt z UJ 
cut-a t-az 

^31- 0- Z' z 

fe^ 
UJ CL X u" 
a. H     a 

OUi Zi CO 
•I ZO01 u O t- 'Jl 
r- 0 i^ 77     • 
Cu -icn^ C" ui ui 

tn a inaz □ ■x 1!   ■ 
ö UI z     X z ui-t 
LL u UJ«_I 

CUJCO 
A *--« U      ' 

<t ci: j*_ UJ X M 
ui TJ UJ r.i 1- _i   • 

a >-i ozu. z a. I-J 
_l oa U- — Ml       • 

o 3UJ _ICL O CL ~ '- 
CL _ i •za 1 ü. ca 
F u 0 

~ UJ t-UJi-O ; j LU ^ i- - 
o ac5 aaouj u: QJ UI 
UI »-a a    F C Ml- 

za 100a "1 O — UJ 
Q o HZ J' V- _' ui 
Z ut- (          •—' a 
a. o 

1- CL 
1 to a .^ 

ul UJ Z 
z LOh- ^ — LL Z. z a 
o iE m Qao '1 C T Ui  _l ~~ i zzu a •* Z 1.1 CD 
t~ K£ to IC 
a a * • 

rj >; 
t- ^-t vv« ■—1 » rsiCO . i"J CO "1 U"1 r j co •""J 
z ;■' — r- ui U"> — — rj Ui <— .. -T 

U3 —• »— 
O CJ w OOOO - l~ 1-"' c 1 O 

E t- t- t-h-t-K 1— 1- H 1- 
UJ ■ 

«j r. M fN — r-. r<i IT, —• 1 - I- ■ r. 
UJ •— M«   ^~• |. 
cr, t . »% V * 

CL u _i -j .1: _l    -J    _J    _J CL -J -J  .J 
a I oo 1 0 0 a a i 131 O Cl 

U) ou UJ UI UU LJ 1, l_ UI i- 1 1 

rj 

Z 
a 

I LJ i-J UJ UI i_l UJ I.J i_l J LJ UI IJ tJ U LJ UI l_l U ui U' UJ U) Ul UI UJ '-J LJ u' U) UI UJ UI UI Ul uJ UI Ul U U) Ui U LJ u 1 



in 

o r 

70 

a 
a. 

CM 
IP 

fM 

U (_' L' L ■ 
i in t-- co cr. CJ — oj fi i u"' 

. HI lifi i O 1£1 lp l£i li, 
rjri rsiCMfvj rsifsi (\ir\j rg (\i r\i rg rg rj rvj rg rgf\ifvi(\irgt\i rj t\i r-j (\i rj Ki r j (-j rg Kirg f\i N rj rjr-j Oi na N PJ rj n rjrj n rj rj rj rj ri r j 

H_il_i'_iUUUUUUUULJULJ(_)LJUUUL.iUiUUUl_)UUl_l(.>L-'UULJi_)(_)LJLJUUU(_)LJLjLjU (_'(_" 
id— o^l^n^u^u^^-coc^o — rjM^JiniiJK-cochE)'  rjro«jinixir^-aD(riC —fMNi'Jirn 

— — ~ — — — — — fM (VI rj rvj r.j r-.j (\| r.j r i f\i to fo fo ro to n M M K. ro ^ n "T 't »J ^T 'T 't "7 ^T IT' IP IJ"I UT in in in IT' u"' 
oj to tl u"i iJD f- 00 (Til 

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiliigsg?? 

a. 
a. 
<r 

fM 

iX 

ro 

fM 

x 
o 

a 
ai 

i_) 

i 
or 
O 
u 

r 

ü. 
in 

in 

ifi 

a 

■T 

Q 

F 
i i 
ü 
z 
c 
u 

t"' 

r 
o 
Ct 
li- 

t 
9 

a: 
H 0.0 

> _Jlü 
■ -irDa. 
~ c: a. 

.au. 
i       LUO 

' tn   «it: 

i _|F u 
I<IOX 
. z — o   • 
icc3    a 

I- zoct 
zacta. 

m 

X 
in 

. to 

,.; M — 

UJÜJ uj'. 
r a"u 

UJ X -I 
_J    a 
LJ + a 

UJ x x 
UJUJUI 

rj o ui x o 
Z(M a * 

UJU-UJ 
COCLQI- 
31~ U X X 

X-       »-O 

f^'x0 
x a: UJ i 

I   UJ ü  x 
Ct- * o 

x UJ X u. UJ 
UJ-IUJ AQf 
XUJX X — 

5^X3 
XCJ    ►- 

a. a CD 

— UJX 
t- Eoia 
ti^C    x 
O—    -1- 
u. Xo — 
- ao3 
o «J 
ct I ox 

a    xx 

. UJ a. 

I- h^ 

— h- 

5o 

Ul UJ 
ux 

lUJOr-U. 
X'-JX 

—'O 

r-JX     X 
xai-x 
omuj x 

CCk. OL 
x r J UJ UJ 
—• <n oT en 

tn 
I-- n   i   i 
i_i 
UJ u.     — 
u. x — x 
u. muo 

en QC — UJ •-■ X CJ 

accx 
i-t-t-t- 
x in o'j en 
XZX X 
t-ooo 
tn uuu 

(_j UJUJUJ 
zxz 

«►- ——■ 
UJU. U.U. 
Z UJUJ UJ 
•—ooo 
u. 
UJ a. a. a; 
Cj LÜ UJUJ 

oi en in 
ct xxx 
UJ 
u"i !   i   i x 

— f\ito 

r i to to in 
X Z X Z 
oooo 
(_»l_l(_)U 

O       Ci 

is     in    s: 
—     rvj 

o    o 

O      O      Ci 
U      i_)      u 

a 
i_; 

in 
r.l 

n.i 

- J 
O 

IX) 
a 

x 

x 
a. 

■rj 

in 

a 

in 

O iX O O O CJ * 
M -t in U3 r - co _ 

o o o a o o a 
t--1-1- ►-1- t- C 

rj to 't in'jJt        V 

_l -I _l -J -J _l 
oooooo 
(j O «.J i_) iJ CJ     — 

n 

Ct 
a; 

x a 
UJ 
in 
CD 

Q 

Ql 1 gu 
UJUJ 

ii 
a 

to 
X UJ 

UJO 
01 u. 
XUJ 

m 

(- ü 
XUJ 
Q. in 
H X 

ii X — 
CL O 

S lUQ 
UJ UJUJ 
Ci; CL 

o — 
x t-m 
—. UJ 
a mo 
t-t- 
x xm 
o^a 

UJ in 
i- i-o 
01 <i ct 
xt-a 
x 'no 

— r. 

oo 

h. ro 

_i _J 
o a 
u u 

o 
UJI- 

«a. 

in 
xuj 

a 
KUJ 
X _l 
ot- 
Ul — 

ui3 

rvi cu 
— r . 

OO 
K t- 

t. to 

ri     ui i_i 

a: 
IM 

u. 
F 

z o 
UJ 
u 
X 
GC 
X 

rj 

E 
UJ 
-J 
co 
o 
u. 
0. 

in 
x 

ct 

U- 
a: 
I- 
Ck; 
ui 
in 

a. 
o 
I-- 

10 "- 
_■ a 

H 
X Z 
O CD 
—• u 

a t- 
X ol 

a 

x o 

i_J 

o u 

x 

r 
o 

QL 

a 

ro 

l 
\- 
u 
a 
it a 
x 
I_I 

Ct 

x 
UJ 
Qü 
UJ — 
U. Ct 
U.       UJ 

U I 
O _J& 

DCt 
et U.O 
UJ      3 

^HX 
X       ■— 
xma 

ZH 
I oz 

— o 

f 1 I 'I —• rrjh- 
r— in QC 

UJ Xtt. X 
xujr F 

u a 
ct 
re 
T UT      nj 

o 

o 
CJ 

u a 
cr 

LJ 

UJ 
CÜ 

a. 
F m 

rir 
a 

Xl_i 
u 
au. 
UJO 

ct i n 
ot- 
u. Ltl 

i n 

LUt- 

ctr 
a. x 
x x 
in 
UJ _J 
Ct. i- 

■r 
o"i. >. 
Ci LJ 
Ct 

IJl- 

O UJ 
U. ' J 

X UJ 

U l-J U i-'CJ '-I '_' Ul CJ O C '_! CJ U U IJ (_J U C U LJ U '_l U U U CJ O IJ CJ LJ U l_l U l_l IJ U ' • CJ U CJ CJ CJ l_i I 

10 
■I 

in 
T 

a 

- j 
LU 
in 

y 

UJ 

Ul 

U. 

CJ 

If' 
10 U 

l_' LU 
Cli 

UJ I... Cl 
T: " t 
UJK- : 
-J •! i. 
t'f J 

—• Ü J 
U   Ü   Ci 

t   c :< UJ 

ic     i- - i 
g Ct I | t- 
T. ui a 
x OJ a. u 
x n ^ i-' 

x .i:" - 
o x Cjl 
t~        a 

o"' u J r 

K   C1 
X       LL 

a. x 3: r 
ui c—■■ 
L'J UJ-— 
:  a. j ' 

J:  I 

it .. u 

•I _i O . J 
i: UJ H a 

t-- H- 



71 

a 
r 
ui 
a; 
a 

!_' U (_i U '_' LJ U LJ U U U C> LJ U' U1 Ui O U U U CJ L-i LJ LJ (_) U CJ LJ U l_l IJ U LJ LJ U) U U (_) U U U U U l_i U (_' ' j U' i-1 U (_i _ i L. ' ' 
(N     uj r -' - r- o? ai o ^ oj M ^ UT <J r^ c:1 ri o — N M ^ ui UD ^ a? (Ti o — i" J M ^ in u? ^- OJ en o — r^ M ^ UT uj r- ro (T' C' •-• r i r- ■ T- b ' u i 

CM f j r j ij rj AJ rj rg f\j i\i rj CM rj rj rj rj OJ rj rj rj r i ri rj r^i fM n I^J M rvi N rvj rs; r i f-j IN fg f) M M M M M M M to M ••'■ ro i--. [o KI I j ro i • 

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiliii^ (\i 

a: 
M 
r-i 

o 

r 

L-1 -J 
CL ■1 

Ci- —* 
u- 

tll LU 
L. ^— 
h t 
1- - T 
i. U 

JH 
UJ 

L.!  , *.. 
UJ LU 

w 
X 

p 
1 UJ 

LJ Cj 

a UJ 
,.-5 -J 
Lu m 

_J 
'X H 
CJ iri 
2 ^ 
u. i     c 
oci    a. 

o    a 

a. z) 'T 

u 

a 

a 
U'1 

I o 

t^ 

UI 

tn                i. ■ — n 2 

to           r      Ci. i/i iji 
a — o - 

,>j             •      ij - Ct TO 
u a  • 

^ 1.0 U') 01       i_l o 

a c^ y-u. 
!/■■            •      . i x a O     Z ro 
a.         -     en i_. >-1-    UJ  • 

_>           r, _j --1^      O»« 
..n T uj " 

&:         f'     UJ C4 iii   • 
ijj         ci.     u Q _, _j    tn in 
_i         -I z a o     n — 

i  o > 
U- ä. .J z 
UI UJ UJ a            n UJ 
I- M > i            HI 

. J z: -(=        >    )- 
ö a -< o i.o      •    a: o 
IU i_l      t- in a; -,      <x UJ LU 
1 .UJ UJ UJ i-J      o Z UJ 

u F —  • z a oi a i- 11- 
. J n >■- UJ 3 <i a 3 3 — a 
C'UJ      i/l oi LU a. a o en u 
fL c o y^ a. UJ d 03 ui 
U. ~K   U1 1J3 UJ 13 UJ o     a: u. . 
UJ          -- ■X CÜ       C3 Z 3       UJ 
t-UiC, 
Z > lu UJ 

oi 3    a UJ i ^. 
1=4 C< O O A o      o 3 -- <r a «J m i- iii 

UJ UJ UJ UJ UJ UJ       UJ — .T -C< 3     ~o-    o ü 
•—•*—•   •—!>—«   >—i   l—i               Q^ I UO • — 'S       LL V-   J *-- 
U. U. U. LL U. U.       —• UJ       —U in r? 3 ö    z -J 3 ■ —i 

— — — — •-—      Z5 Üt Ulul oi o; i- UJ — 3 ci c 
1_J <_! l_» l_) (_) u        o <2 t-i '.■'' >- V- x     a 3 a 3 -x o. LU 
UJ UJ UJ UJ UJ UJ       UJ o. ao. i_i 3 U 0. " LU a 
a. a.Q.Q.u.a.    a. oia     a • — —       Z       UJZ r j - 
(.n u-» in en (.o en UJ U UJ Ci z x t- i j •— UJ o —• 

3ZZ      >0 
01 *£ 

0i a    oi r ^ 1=1 o ■i a 
ui LO OI ui i/i ui    a: 0(J       3 0 *-i u-i 3 —' ui a LJ  • h- 
.    -    .^   . -   ^4   ^.   ^. Z Z _l Ci 0. h- t- h-     rs a i    ui * * * > * — _jma 0. z z a: o        > ui t- u 
H- t-t-t-KH U O —       I_I o — •X UJ LU 3 UJ L0 0: C 

LU r: o a et ö z 

UJ — 
z: zzzr r ujujuj Z UJ -^ UJ O Ü- in LÜ LU LU 

^^^^^^333 — UJ       I ^ Od 0. LU /■* 3 3 3 
UI l_' UJ h- Z o z o Q: 3 U. U1 <I Z I.M 3 3 -J JI 

uiuiujujujujaaa tn I_I «    a: t- _JUJ • UZ             U 3CD ►— xg i '.._ 
i_j i_) i_) u i_i CJ > r-- > — D O 01 _J a ■ICT o Z I z   •     o z ^  ^i' --■ •- 
a: -x a a a a: r ui IJ UJ 03 a a ^-. UJ r~t UJ LD CD '— LU H 
_I_(_J_I_I_JUJUJUJ 01 UJ o z U_ I   O       G Z        Z ilj UJ LU UJ * a 

Ü.Ü. Ü.Q.Q.a.Ci.t-t->- • u-    aa z z — to l     Ü. O Q: O —' LO yj o KI"    1 i 

UJ ui en '.i ui oi '.n <r a; i a — u. (_) UJ <x • I     UJ Z LU U ö —'   > LJ 'X a ■ t CJ 

OB 'Zzz Ui    a:     (k: Li u.h- CD i   ro     QJ     UJ x a 
i. n o r > UJ i- UJ 

~ IT r" D 
.^O&ÖOCU—•—■— C    -CUO-Ü oz _• '- •--4    ^-.    .    ^ ■ r 7 
_l                                                          C< t—1 t.4 et ui z UJ _J o ^-• 3 3t- 3Ck. 3      F Ü iZt ^Zj iZt i_. 
2 - - .'j r<i T ui «■• Q: Ct 0. Q UJ ."."i I 0. a a; CJ ■ r z     z a 3 ■ z a IJ   LL 0. 1 

ooo i-> a(- z 
z rj a: o r 

o UJ in I     l   Q   I   O 3 Ui •— ^-i •T' o a _^ i 

UiU.U.U.U-U-U-C'OO o es LU LU UJ UJ Z LO UJ z c> c"i n ;■" K 
Ä — ««»-^«LJUU z r-j a OOQ 3       G UJ 3 LJ L-' i-1 T £j 
o ""  0 1  _J Z 3 3 OOi=100U.DI O . J CJ 

Z—•-*—-■ — -^ — PJM UJ t- — _J 
CO -J i a UJ 

_J 
a 

-f   T~ 

tn 
zzazm —cjH 00 — i- M 1 Lij 

I- z     zo i- Q. F C 
o-i -  . — z z •I •-■ (_ 

^l «T ui ?r^  -z 
UJ in r I I_I ino        o O C' CJ ^ 
3 _ —        CJ rot ui 

l_ C LTI o CJ h- UJ ü 
O                               C.i o o in a. CJ uj UJ 03 2 oo        o CJ C' C" ^ a 
t--                          t- t- I-- t. U   •    I .... LÜ in H (- LU 

3 
K t-         t- h  t- K- ^X ». 

— u-i»jDr-oocri/-< — — ■i      - za z — r. C^ — Ui           ui --,    ^   *    -4 •-• 7j 
_ — _ _ „ Pj r j ro i O _i a.      z o aJ n iron ^ 

CL a (.o~ z i-n u 
_J_l.J_l_J_J_i.j_i    I .j ■ t C - E -j _j □ J -1-J         _J J _J    J I" 
o o o o o o o c t: CJ t UJ z •- a ^ □ o 3 ocn        o COO V 
t_|i_l_)(_)UUi_IUlJLJ ti z ri z UJ 

o — n UJ t- 
Z _i CJ  > » '! 

l_   13 in (_' LJ                LJ '_' '..' L_i 

" 
3 U 

l_l !_. t. l_i 3 IJ L.'L-I 3 1.'3 l_l 13 (_J LJ 3 l_UJ UUIU/ 13 3U LJ U CJ 33 UO Li <_J  L J L_i L; l.i 3 LJ CJ 3 U LJ CJ !_■ .. ' 



72 

s 
l_iLJ(_il_H_il_iUULJl_)>_JUULJLJUUtJUUUUUUUU(_ILJ(_)UUUUUUUUUUUUUU(_iUUi-J'--Ji.-'iJI-Jl-ji-j._ 

rj    a)(T>o — rjr^nuivof^rocns — fsiro^üTUJ^mcnB — (\iM-tin^oN.oo(r>c3-"(\iro'jinu5t^tt)(riQ--' r j ro -r ui 'JJ t - OJ ai o — 
u-i    _ _nrjoi(•■,|(\jrjrjr^(vg fvjro torrifororontororo^ ^ ^ ^ ^ ^ ^ ^ ^ ^ u^ ^ui^inuiuiuiu^ipu3'i iij>J?'X11^ 'i' 'J<JD 'J? ^ 

r^Mror-]f*imror"Tro^tor<iMrororoMMntotororoMMMrorororoMMtoMror<itoMMMt<irofo M to to to to to ro to t-'j ro K^ 

j 

M 
(\J                         .              tu                             u l- 

UJ      UJ      O                                 •"" tt- 
C4 i i     a.             o         a                                                  rj a 
O —l-OZ0t                                                                    Z ,ü- 
!_» <I              U.                                          O >        UJ 

CL  -                                    •           « LÜ Z                                                 O -J       l'_ 

OLLO—    ZUJIU_I — Lgo .> ui         — a     uj 
•x i.1} ii    '—             —     — a: in                               — 2_a:ct             OLU 
O_J>             u-ii. m^                    z a:~x>iuj—•     ui 
— aa.ii.—•—-z Fo wo                «H 
ri    o    •—  •>         i_»     (_> ►- a:        iu                      • •— CJ UJ         o -x     - 
1.1 d            (_) U"'          • LU       UJ <I            •—                             ^ (J r— 01 i.'1             — -^ 
üj UJ I'.       UJ Z        ^J LL        Q. 0"! LJ            U                                > Z-X -J UJ                    i_)       '.'■ 

02Q-Ouji.nuiuj                            —                     —i —(-»xxrrK-h- 
i3orco~—            & o(-                   _) UJ uj tro    i—       • o r»    z 
uiccw        t-u.K(-o Kut                    iPP ^fe1-         cj-ity — ct—>"zzz                          ^            o ö UJ a a: C in u.  , ot ->-.       *. 
«- UJ (0      O Ci      '.J uj      UJ Z          •->               UlLJ^ZZ tnaP"-*UJ<Ir-UJ 
u.aiau.ZLuI.Ci3 o                     t-Pa — 1- K-LJI.        tjctuj_j 

UI          O      0. UJ    • UJ Z —■          h-                li: Q: Ct Ci Q ZUJ^-uuZOtUTUI 
o 

I=IOUJüJI_ICOUZLJ" in u.            UJ UJ üD a. ct in ujcti-—ox 
UJI-LJI=.            aoatn a UJ           >>UJOO t~ rza. — z' 
E5c«o>-uj-j'-'_nn ui _i           zz(j)oo z uim uj P •-    t- • 

h-UIOUD-       UI1.I—CL— 5 -                 OO_IULJ UJ _l UI I-K- 1J U- z 
ujza:'Tato<ro">c z                      u u S i   i C UJ > UJ '_' o - • UJ t- 

"■LüE<r-oo—'t^—•■ o                               >-' X > UJ                                  n -i iu ix     H zi 
a C o 'J u- z     u. & UJ o z >; (j                       UJ UJ _i H- L"I UJ -> to . . UJ a. 
xujtnezi             zuiz                                      CD Cü a a. o. 

u.     u z o       •   • ui   ■ Lu UJ        u. ui a: a uj UJ-^UJ </I a. UJ 
o<-i_iz>(DOS(jeD~u. F       a poci_j_i u.C 3      • o    F- z 

3 Kz — —■• v- Q     *    <z        _i Pt-cjoo OUJ^. a >. un a; in s ~ 

UIL^D-J  • UJ     ujo —_i    f-     o    Q                       ooKu-u. UJ s iLimcüi-—     z: »•-z 
Z            Ojo    _i —J;       •   -z   -uiz     a.    a. r"            oozoo ton    IM gjE ria U. I-U. n UJ LL 
—            Cp-  >O * UJ             UJFIU<IO •—             ZZUJ C•—     \ E^o'ini—ZIU-UJJI — 
a           ZICCZLL —UJ     —->-ai!    u    o a:                   Czz zsa    ro nz        auj — riuj 
>—            T:^        wcc     —^-(^«(^^            ,_, (_            (_     JJJ,-.^-     , Z(_    I_I j;     U.U'I:_I:»-UJ-J~ 
Z                       UJOUJ_J-~-UJ^UJ(k:V Z-Ul>-Ck.CJUU3 ZS)                       _ICli.OUJu"i_)UJ 
O        -       UJZt-I«Q.       I-J"_I>-1_IZLJ       Z       _l O       S)       atnLJ'—■—       <L I   CD      rj HI       UJQ-_I       UJ 
CJ    u"i    cjui    F-u"i     CODJZCQUJZ    a;    <x^ I_I      •     ►-<iz(fcc*      • u      • Z"-ü.Z<IUJUJ     -- 

ciu>    ^—     — — — «(j—     _,    uu)            o    u._i — oo     >' _i in yja.ujL>—i     i H»- r i c 

"• (^J c- 

—•    ou>     ^— ^—. — «(j—     _,    ^JVJJ            o u._i--oo X     _i        in UJO-UJU—i 
ro>-o:iz_iu.^^j 0D"<r»-— —    ^t-»- Euimu-—-UJI 

i/)    <-          ._JOU a: •    in    u. ..... .Cin^J uit-t--HIT 
2             • >: a    öD a: a    o X    3    I"J — r^i ro Q O in    33    ~ _ia; z» H- •- a; z 0. X -. a 
C       •    z zu z — o zu)    r      ■ z z z x > —    z E uir z ui tn tii" a. ■—• r'- 

m 

r^i           u"i 1    »s w    '      x                           w               in 
C F      _J                    IT'                                                            o 

CM           ct —    Vin             .                          in               tt 
a 3    uui           u'                           o               a 

z    I^J    o 1/"' o       m o                                       Ffvj'—    inoDin®®o:inMu          üI ® u^               e? 1 ■ ' 
O— —          -• M                                         UJ     CK S      "     ro           — — toTT<i           —                             —'-                     f 11" 11 
— t- FOZ--                                     UJK 
inozoo 00                              <i        —    o            00000            ooz           000                i. J ■ 
a     t-     ui t-t-          HI-    •                                 r     tk.O     t-               h-l-FFK-      I-      »-1-     UJ              t-l-t-                    I   t    1 
UJ           T' •                          —    <ia             •                           z               ZJ      • 
;>        t-        O —''JS             —. ijj     .                                             C       _i o       t-        —        — UD — — -•        UJ       — ^-       O       "       " lJ3 "                          UJ-- ui ——                                a.00                            •-• fsi to     E                ui                    —                 . - r j 1 
ct            oi uj    a. i_i           o                           uiino 
UJ    _i    CJ .J _i        _)_I_I                          F               _ia;_,_i_i_i_i_i.j..    ooa-j-i-J                -J-J _i   a    3 o 0       000                              -       o    a    00000    iu    00   5   «000              ci o 
— t_l       10 UJ i_i             (_'(_'UJ                                             »        t"             (_i       i_J        UJ I_I UJ UUJ                    U UJ       UI       U       L-'   J U                          L-L 

o in 
u 

z a 
Of 
t—   U) UJ CJ UJ !_' UJ UJ i_l UJ LJ UJ i-J '_>'_) U-i UJ UJ UJ UJ UJ U UJ UJ O U_' U-' UJ U-i UJ UJ UJ UJ i_i '_! U UJ ui U U U UJ UJ _' l_,l_ l_i l_i L 1 >_■ I. • J 

8 

3 



73 

QD 

i 
UJ 

IP 

OUUUUUUUULJUL-IUJUUULJULJLJUy(-)U(-JlJUUUUCJUUULJ^_)^-J^_'LJUUI-J<-Jl-lLJL., '-'l_iLJl_li_'L'_ 
tM ^^U^ijDr^COCTiSrjr-'i'TiriUD^CO^CD—•OJM^riPUJf-.CDCriGJ-'tVlfO'TiniaD (-- CO CT» O —• TJ ro T IP i£i S en rr, c — '"l '•■' "? i.' 
r - ^ t. t-~ r^ t-- t - (•- 0^ (X! ni m m m ri^ ^ IXI IT\ ^ (J> <T> (T\ (J\ (T\ (Ti V\ (T^ ^ <^ Q ^ Q IS ^ ^ G ^ ^ '^ ^ " ^ -^ ^ " ~ " r' r I r ' r' < rl '  ' 
to M ^ t^ M M r-uo M to n M i--] K) KJ M ro ro to M M M M ro io r^ to ^ 2 ^ ^ ^ ^ ^ T ^ ^ 2 2 3 "7 'J ^ "J IJ 'I " 3 3 r! T I! IT 

iiiliiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiisiii 

o H        LO              -J 

IÜ —       UJ              — 

a OOID 
a; . Ck.       UI     ■ 
UJ 00 _IUJ i a:;;::-        LO r —-irj      CD —ü.          H 
UJ < UIQ. —    z u-cti-       ■ z 

E LJ a zo " 3 O □ LU t- Z      en Ui 
t- — CD CT UJ       U) E e UJ •—• 

u F UT •►->     t-     E          —UJ •—. a ,— •I UJ   II — _ia;cncL.cn     o     CI_I 
X a UJ Ot oz •   •■         r3>-ujomuict     zuj 

Z Z Z    • M CT Z Q      C LO UJ    • 
^-% 

g cr UJ z ■ 

U'I z o OOO—       UUJO'.O-UJMt— — ti Cl 
V-- >* UJ t-  . — — —       t- Ul       (_i L<'< t— Z   1   Z UJ UJ Ct 

va r: « 'JJ u • H-t-Kll_IQO       UJ        U.ZUJt-H 
UUU     ID     ii:>-zuju.or3^ 

a: 
■i t ^-v or u 
CtO fc-~J • UJ /-* Uj — UUIUJt-CT    'UJCtUot — ZUJUU 

acta-ju-zfjiu-nt-     -IEE a:t- IXI a. a BO OD CKG _J 

a _J a. t- ■^   I — — — 3UJO  l  ö—•UltOCTUJOO •i Ct it CTi urH K 
►- UJ LJ ■i a 2 3fVJ OQ Q CT Q •—Z Z t—tt.                 l_l LJ 1=4 i T i + i  + 

^g Q t- o i   i   iu     tjo^cn — H   •»- o 
U o ^ U UJ a. o ct UT t- UJ   -uiza         z>-oii->- z LU UI IJ UJ UJ LU 

>CL UJZ I (.0 M aorj O Cl. Ct       QDK-UIUJZCtZZ 
zzz    UJ    cr     ZUIE — — — — 

LJ LJ LJ U l_i I-' 
-O •—■ i-a 01 t- ■ u z CT CT 'I •! a a 
_JU. in a_j tf z X '.n     ct — — —    . CO Ct       Ct UJ LU UJ Ct U. Ct Ct 

QtEUJ    -OEZ-ICL       Q-Ct 
— u u. u. u. u. u. 

UJ i.n Cc CD (S h-    -O 
zn •-« UI O^L z z Lnuiijiuj3>Q- — UJU-UJ i u- Q ct ct a. u u a. 

^7 z or -J CL(_» ■—' —•OCDKKK-üDZO — ct_iu.     «.nooo UJ UIUJ Ullxi UJUi 
UJ -J O 

V
N a -- ZZZE          -^uiuJ — 3i-0     Cttt: 3 > ■ > "> > > "' 

■—i 2 uu. ,-r _l _l -v a. u n UJUJW3>-Cti.n>-       (—UJUJt—UIUI 
" r E z z ui     r: ui ui z z :D r J t-j 

— o o b ö o iio •—• Ct o am \0 UJ z u 
UJ UJ tn a ^-i u.a.z UIUJUI    uj ui UJ ■ • i •         u. o z z 

-i-j-jujrEir-.   jf-iu-ioo 
UJ UJ UJ UJ UJ UJ UJ 

UJ 4^ CÜ _l LU o z • o C* — — — — — ►-'-* 

3 LL Kif P- z — X u  • uiujujöui D a _; UJ z     —*-zz o o o o o a 
z: a ac a n a: o  • 0_IZl_i_JCtLU(JK-Z 

U-UUZUI           CT       ^Ztn — LLU. 

L'l L-l LJ O LJ LJ LJ 
o r) u u.t- ui.  r a 11 

t- y JH   ™ UJ oz ■x) 

ffaa OOO           _l >        1   UJ —       ct — — *~ r^ r". ■ !w Li 

r o o _J _1 CT O. (J       _|H(-Q. UI a. a. LL u a !< 
—• r i ro o fj • t-i- UJ OCLJ ir 3CT   I CtttUCTCT— TZUJUJCTZ         1     1 Ö ct CT -i a i i !_. UJlT' "1 z LT UJ r— Z Ö M UJ UJ UI •—' ~ U •--< — f,ri       U' UJ UJ o Ö —  — 4.^. CJ  >—• I 

ro UILLIUJ Lü OJaJ g^ ern Si Z mQQCQ»-t-ujr»- oxujEt-i/xE 
rCE — — t-nt-ujuzujr3Ln_i 
ODOZZCTOUjtt'IUJ-lCTEUI 

LJ . AOCi Q a ■ —* . DU o 5 r> .3 ^i 5 .' 
cc ooo g KO uJ Ü- i? w zoo %- o c o o o - 7 

2- ri: inz Q _J O ZCDU-ZZZ——'IIÜDl.'-l—UJUUJCJ — — Ct CD CD CCI LTj CO UJ 
N-J 

^o 
a. UJ i- LO ^r y • a -I C-. o . 

rv r LJ z: a. u. z IJJ 

01 — o UJ CT :J .; 
2. T W r' j GD tJt-H z Ül fj (_) r c in (s in o ui o    m        o    ui o n Q o o Ci eo o LU 

3 »- ■x U- z Z UJ UJ ^-» — — r j r j M M n    «t        in    ui us m — r i i-i T IP 'jj Cl 
a uj UJK- L3 1- 

in OOO o UEE I OO Z a ooooopa     o         o     oo o o ■ J D c O 
tk t- l-t- h- UJU^ r: ^ ^- P UI h- t-l-t-»-»-l-K-       K-             h-       h-t- t-l- H K   K    h 

£ 
• Htt: _J — U D ■ 

ni      — ifiiTi f , nc ur o — r - a     —     — ii — o —' >JD " 'JJ       —            iB       — U) <■ j UI U~   U"1 L-' U'I L I 1   . 

r. tfH c _l UJ — -• r; r i ro r-"       T           T      ui u-1 — •■ i r-'i T L," 
a Ö t-UJ m U">       Q ►^ fc.. 
UJ a    _u -j _J UJ 1/11— _J _l CD       li.       _l _l _l _l    J _l _l _         _!              _l        _! _l ü. _l _l J _l _J   J u 

_I a    o o a o -J > a ^ O O ZD      <• I     o noooooo     o         a     oo 1 o o a c- o o a •—• i_i    i J I_J ■_) l__l UJQD -j • -- l_i LJ ! r        (j       • j -J U '_i LJ (_■ U (_i        !_'              LJ        LJ LJ LJ LJ L.  !_' Ui U' '.  ■ ■ .■ 

1 
o 

UI 

Lt 
I LJ l_) LJ LJ LJ '_! U LJ LJ L. LJ UI LJ Ul LJ LJ LJ l_l l_i (_• LJ LJ LJ U L.1 U LJ LJ l . ' J I. J ■„.i '_! L-' LJ LJ UI LJ I 1 L-l LJ LJ U' UI ' 



O 

L3 
a 
Q. 

74 

l_) LJ U Ul_> U O L-> U LJ O U (J Ui O (_>(_! U U U U U U U U (_) U U U LJ l_) (_) ULJ (_){_! Ul  _l U U U LJ U U l_i I-' Ui C i l_i 1_J --!_■ '.J 
Csi      1^ CD CT) CJ -^ (M ro M ^ M M^ U3 f- (M (n (D ^ f^ M 3 ^ SO ^ ro (^ S' ■* f^J f*1 * ^ ^D ^- CO (Ti CD " r J r« i 'T UT UD ^- CO (T^ O -• r J r- > 'T lj"i ij. r - 
u"i    ^ r-j IN M M M fi ro K> ro r-T to ro M M v ^ tr « ^ n ^ rr rt tr in u^ in U7 u^ üT ^ in u^ u"1 ii) ii? li) 'x' 'i? 'J? 'JS 'X1 'i? 'i.1' -' -' -' -' -' -' -' - 
M    zrr^rzrzrrz r r: z z r zz r r r zz z: zz = r r r r z r: z: r r r = z z: z: r 3 z z r: = z: ^ i: = z: ^ r: 

t— 
Cl. 

H 

UJ 
c 
o 

oz 

in 

o 
t- 
LJ 

r 
o 
a 
UJUI 
UJ>- 

rj 

Ul 
w UJ /-N a: z z • CJ t-UJ X Olli. UJ 

uj   -C 
r oi 

t-H UJ LJUJ 2 LJ o LU 
Z Z j- -J LU O: ^ ALU UJ 1- yjo 
•—t *—• o UJ QLI OUJ_l ■ 
oo — t- r- Z Z A Ul ■wt F ol 
a. a. 

i   i 
(.>■> 

Q 
a ^ 

v- 
_l in 

u; — 
CL. CL 

* 
L?LD <i U, Ul 01 'j? in _l i-t-t- K _; I •-■« 

zz a «a. J: a. a ■M o LJ ui 

£ 0 ■ o 333 
E     tt-ti. 

L. LJ 
z z UJ O-iT >: F £ O _ » 1J •—" •— T -J — '_' ooo oc UJ     oo a 
LL U. -J n uiu. • u UJUJ LU o _l      K- h- tr l_j —• a n 
UJLU •— u. oca n z FFF t- UJ     u LJ a. 

^C 
.j  • i 

QC a. UJ *-• Q aaa u oc    ^E Qji-J 
1     1 CJ a 5^ ^ t- C V UJ LU K >> a: UJ z r UU(_I O                  (_ _l «-■ LU "1 *T 

a. a. n o a  • (- UJ o  • ooo t—      u. U- U- _l U- a..n UJ 
aa Cl Of >    ■ _IUJ o u. uct c0 01 Jl a. '_)      o o > a: — aui Jj 
oc o in ^Q. r a. UJ ■ UJ (.0 01 01 D 

^>        UJ UJ i_ 
'_i Cl. ^ 

zz ^-z? z u. IK aaa L'l u. Z UJ OTQ. UJ 
3^ h- 3 •—• u. Ck: 5* s >- 30U. oa. a. _> Ü 
OO C. a • a   • —a. — O 01 01 01 UJ u. z _IZJ> Lil i-i i n UJ 
ODCC _i - zu a ch- Z I u.a. u: _l O u) a a z c* t- t- ' 

T _i.- ~ _I 01 01 UJ LJ UJCL ooo K t- LU in i_l i n 
U.U. o • &   •— 1 3 fe^ -JCT t-l-t- »^ a. Ui            u. r u. UJ ■— u- 
oa >- u u) a.         at •—• a. Ot JLJ u K UJ a. t--1- r lj. LU 

UJUJ 
_J ot- yi 

- z a  «     o 
U. 
UJ a: Z 

a. 
o^ ^^^ * ^ 

QJ U' Z Z U 
>_ Z UJUJ 
o —r rit- 

peg 
U i- 

in 
J UJ t- 

h-K CJ •Oi-)(/)   • t- Q UJ — l-UJ z Ck. o _I3 * 
aa M — • rj e? uo •    *    * —* Z       UJ UJ u LU r: a _i 0 
zz in t-_ia;      _j a UJO (S—(N 1- V- ct _i _ja u. _ i ... r ■ 
•— »4 ÜJ to u a    o a 

O UJ u   • K- r 
UJ rjr Tu a Q Z O UJ LU — z u > u. ü' 

aa F- in r: o II   1)   t( LJ Oh-            - ui O O Q •I 
a a. •i awouj    a ri (_» «    • a. Ü. — i ü. a. c •—. .—. Ü lj i • i 

oo a. a _J_I —g • >*. ^. ^ ^ UJ LJ ^ H- Ü. O O U. _ K- u oi O ' 
r'i oo UJ UUJ • <_)»- MLJ CJ LJ '-J li- in B "UJ»-  t- 0. r JLUK _^ ' • (JLJ T* UJUJ      UJ UJ UJUI •-. »— •-<••>-<•—> UJ Ul Z i- i LJ O OT z .Ji_ "*■ •■ - 

00 1   1 UJ u. to o. — o o"i • le LDU a. L a. ^\ a S O UJ UJ LU IT 
u- c^? a 

•— O O t- UJ "l t- 
(MM L? o^ <I  i  o~ — z •— — »-..—• «£i KCL ^_ —*    -v . J 

fl u' --z Ol a u. ■I y- LÜ u^ • ^: ji K Kt-             t- • Q CVJ r- d!^ IT UJ ^ 
IM U033 i   -i: in a r- 

>f 
^ r. 

o — 0. 0. l/l UJ O »J a a: U1 • m Q. .- -^ <  i 

z -ja ZZ i    -a. z 0- IP r i LJ lilO X C1 IT' O O O a. 1- i- 
o aicc a: —u. a •T —• l-J IC r, -- n ro Lu O — ^U LU 

i— K t-Ul r a o H- * 
M E£ • • • oo Z po o o o o o Z LU ■I •—• 
a — r, M 0L »- (- UJ y-\ t (- K H- K- iua L"" ~ ^ 
U! a O . . ■ T* Ü LJ r -• 

WM   —• h- •-• r - o — — '^J r-I r r«i ^1 1^ ^4 •-• a. o i/i •—• ^ 
r\jfo (/; L. UJ — Pi au i.* UJH Lfc- •■ - 

at ie I^J u- t. <^ ^- LU   1 •-- Ci z 
LU _i _) -j _i ffi u -i _J Ik _l a. _l -J -J -J „ z z '— J— 
-J oo o oo o .r OC3 ■T O a O o a o c — O U. U. Cl — uu z l_i u I" LJ L-i LJ u u LJ l_l (_   !_■ (_1 L- _J z — a - 

LJ 

o 

z 
p 
CK 

LD 

'_ll_lLJLJl_ILJLJ(_'l_ILJLJLJLJLJLJLJl_'LjLJl_iLJLJLJLJLJLJLJLJI_'l.Jl-JLjLJL.lL-iLjLJl.JI- 

0 1 
U 
C l 

~'    I 



75 

u a 
a 

'-' LJ UJ '_' o '_i O U LJ LJ U L.1 u LJ i^ U LJ O U U O ^ ^i U U U U ^ LJ LJ U O O U U O LJ LJ LJ (_)(_! (_l LJ U (_l (_• l_ _i i_' (.-(_■ •- 
-Ti cf i er1 " r i M ^ UT ^ ^- co cn to -- rg M ^ in vo r^ co CT^ © " r^ w ^ u" ii) r - co (T^ o — r J to ^ in UJ f^- CD cn o —• f ■J ^ "7 ir >X' t ■ oci ^ c 
r - ^- ^ OZ' Ü' 3 '2 CO K CO ro 0? m Cn (T^ (T' (T* Tl C^ CTI C^ CTi O S S Q C O K O O O — — - — ^ — — — — "-■ 'N r>J ""^ rvJ ^1 ^ I ^ I ^ ! r I '  ' ' • 

-7 

a a 

'■< 

ii =) r ^ U                        J ^ a. o a jü LLl Z                        I 
UJ ret Ul —                . u. C" 
►- ■■ — UJ -^ UJ ü -J O              _Jü. »-■ . 

0 ^J u. I u CL           ♦• er        id zi L 
as i-- a LL C'             O LT 

in c ►- LJ LI             O -J        w 7" 
r u I l-UJ UJ u. a ♦ UJ r L.-I -    u- 
o O Z" i-!v1 D. ul           CM. - Ul               ^ ■J*l 1 
- ' u. cz 

>UJ 
LO ^-• —      er. ^ Tj l_:        o i  UJ »-- m o •I r <i     a r o U-  » - -' i r( K CL UJ Ul ► -           3 a- .^     o tu i a. !-. £3 za OD ua Z       ♦ UJ O Ct - _1 ÜL o ^- V 

IT Qc w- •— Ck u.            0C on-     u. .j ^ I 
r-. a r" UT e Oen — LO    I- :J UJ 1      u. 
i_ t »j c OZ u. a Ü             ♦ o z I_. o u t-  U 

L UJ O ■ u LL Z Uj       r 
• o a r i: - 

•— 7" 
_J UL Ld — LIT LOO V a i- t-1-1- >-1 - ~ t^-t   U 
I O — *- —■ a z UJ _l z z z z z r Ul            UlO z Q. li. 

^ h- 5 li.— 
UJ a Ssüiötftf^fc OT 

O 
o u — _J a — 
I   i_         Ul LL U. 

LU 
►■'. I ^^ S K u-ir u UJ ♦ ♦ i~* UJ UJ Ul UJ UJ UJ QC U- <I Z            UJ a 

H UJ o u. po O LJ i_l LJ l_) LJ LJ •X Ck Z Ul -J O o 'J-' u —• z Ci l_) O K-Qt ■— 'i a a a ix LJ _<     a. X UJ 
'.■i L^ 5 Z l- LO 

T Ui <. 
* u. UJ LU a. _J _i _i _i _j _J z- 

a. U'l _1 Ct r j10 o CL a. CL a. a. a. UJ — I- c I a. OD _J 'J- 
o ~ <xa X a. * •— Ul CO 1/1 (/I L'l 0T LJ O Ct. tu — CL UJ X u 
u 1 It- —■•'IL. •-• CL UJ — — — — —— XIJ-I Z   UJ ÜJ ^~   Ul Lf i" i u 

t'1 ■X ~ ji »- X UJ Ul (3 UJ UJ o o a o o o u. a t— bM 

f LJ • Coo 
I"" UJ — u u t- o 0. x Q Z3 ui a UJ D z *-    . 

_ J 3 r *-« Ot z a o Cj UJ UJ UJ UJ Ul t-J s- oo ■I Z — ÖO Z UJ r, "Z -- k- u. W —— J _j — 5 a —. ►-« LJ U- LJ '-I LJ LJ LJ I_I LD UJ _l oii       r r- h- LJCLK-I- n ? u. 1^.1 LO Ck. LL Ct. 0. LL O. ■■I om _l <X Z       aJ UJ Lij 
h- ÜQCJ —— 

C ZOO 
^. 5 uj • I — ^w. X '."1 O O o o o • <x — I Z LL LL) »-    ^ F_J u.   . 

C^ i o z 12 u u LJUUU.UU.U- X o z ro U. CL        O       C' LiJ Li Lk    .   ■ 
1_) h^ 13 "* " ^ l_ t— K- h- ^- atu a — _l — O -J          o z LL --• r    oou. 3 X u. UJ o o I — r ito T ipo • 1 CO ■T u. a. K-     h- 7 
r —> a. i_. u a CLJ u. K- •X o ^ .i u. •- Z       Z II.        • Z - 

1-^ r p ^ r CJZ UJ u -n U. U U. U U- U- o z in C    « —t"-"   -  u. 
 t- i: UJ z ci. 

a. >- a. O •- . J J 13 —. ^. — OO X a. b o o o o O O i ^^ o 
a -• — i '^ a ■ 1 VL' r i_i v^ i :- CO I— a. i_' cc »•"■ z ~ :' ■ - - ci t- -   - . 
u. a K- a. — L. 2   ''' T .i Ul Ui UJ UJ ul UJ LO Ul Z Z O Z ■ . i  ■  ~ * ■ 

f^ a. (_> i^ " UJ *— *"" ^ uj — * I-- )- IT LO : o UI 3 3 - o n D w1- T L^   ~   LL      • L.   LJJ • 
C *—• L^ K   u  Li. 

li. 
UJ 01 • i   r —— ^r >* UT Lfl UJ o O _l _| _J _1 _1 _J QC !; ii -- c* 

QQ a. UJ ^ C    LXJ  w   ^ L' — •T g _ 3 Z — 9$5ff5§ X 5? 
4-   4— 

• — -J -J LL Z> U U ■ • 

c — a o —— ■1 *-u. — _j i: o o u^ c LO in z. '.'"»•— C- - •   ■ ■ 

M *- U. UJ — in ..i 
>aj 

a 
ir r^ QQ —• a 3 o > 

(M a 
HI 

ft 
z. * 

w a. 
I oo 

CL a 
o 

'* 
1 ■ ■:- — li i O ® <D o * ui iniNj o UJ !)■> CD S 9 O O S _J Li rg * u-1 —      u        C ii i ■ i 
a X -— M — f g ro — * Q —. •-•»— LA r^j r^i 'J u"> o r - —■ ui ~      --      r j f j ■ w — 10 *• H a. t- 3o Cl UJ ' O oooo T UJ a LJO z o z o L? O O O CJ ' J D 1-J OO — o a     ■:      o c i 

h t-Kt-t- _!»- LJ K- t- UJ _IOi_) t- H K >- 1-   I- ►- I *-- h- ►- ►-     >       ►- h- *■ •-    * 
oo 3 _JCi. u 

r~ ■'■j — iXI — "• a. r UJ r. a on- UJ .*~~_.— ..^. .^ Ck •■- r • - —"'         .     'i -- L     T 
— f-J a. LJ UJ U. UJ X — ■ i ro n u'- O 3. -. r i ■ ii .. 

..-. Ul ♦ ft. ■ji a ► 1" iTi 
j u. . i -J _J -J f^ • o . J -J 03 UJ ft -J -J   ^ -J _J .J _/ —J -J Ik _j   j       _;       . i 

•J •7 ■r c o o o c Z ♦ LI OO - i10 u C C   J O O CO o — C O T '—   .j       ' .'       <- i_ o<. ''.     . 
l_l l_i u LJ -J Ul >_J '_ —. * I-' u i/t p ■ — LJO LJ LJ LJ L-J 'J — •_- I-» LJ '_'  ■-'          '              '_■ L.i ' .' I_ 

o 

A. 

I_J LJ _• l_i l_  i_i ' '- J LJ LJ '_! LJ LJ LJ LJ LJ LJ - J l-J 1 J LJ Lj LJ LJ L-i LJ 



76 

OCiUUUOOUUwULJUULJOUUUtJUUULJLJLjLJUUU(_lULJl_)LJI_l(_ILJUii_)LJLJUl_il_>i_jol_i(_l.JI_Jl_'L_l_' 

f« fo ^ KI fo ro fo M v ^ ^ ^ ^ v ^ ^ 't ^ in ip to in L"1 in in 101"» IT kD ^o »r «üO '£ ^J »r 'i^ »i' IJ:1 '-'- h- f^ f- f1- r -' -' - f - co co OJ ro co co 
ip ip in u^ in UT in in in ip ui ip in in ip 10 in ip ui in ip in in in in UT un UT ip ip ip iP in in in uo u^ üT UT in in u" ui in u"' u" u" UT u"' ü • u"' u^ u"i L"1 

zzzzzzzzzzzzzzzzzzzzzzzzizz. zzzzzrrrzrzzirzzirzrrnrzzzrrz:- 

I 
W 
rj in 

UJ 
UJ         •QL 

UJ 

(-1      OUJ z o    >- "^ Z      UJO. 
uj    Fo 

LU UJ    • d 
r o t-QO 

o    ooc a aujm 
UJ UJ • 

♦ Q ir UJ Z L3   • T"     « • 
o inzouj zoz - za: Li-' K 

az muct 
oC     a 

a UJ o — r t-o UJ o ♦■ 

<XUJ £ ouz z rt- L" — c- 1- --^ • UJUJUJ _i(_i ^~ -J — ♦ 

o UI U1 »-_ia   • a iLnn z LULU in —1 a _i h- 
LU t- o auau at — Ct _J > a M      > -1 • 
a. in a. Ck          h- UJ H^tü^ z J > 1 

"JO a UJU.<PUJ z — o a a.    Lo - i OK LJ zoo UJ LU LU LL _i o    —in n •—• UJ    a  « o (k —OO in UJ ■i t Ck ^- X 
UJ >IJJ o UUJO-J 

r_iuj 
UJ OX UJ rj     O 

IK ^ 
a <t fflJ-Ct z 

E_ioo 
aH 2 Qc •      ZO ♦ 

o o y- — .-       •—• — 
$ Q.UJ _i •^ zt-"" z ozu. — _l z I-- o o — >- 

tj U.      ZUJ ZO      V- ^ OL a .      ■ICJ • 
OUJ 

t- OUUjÜt 0i Cl u. UJ o UJ UJ    O'l V 
J) z 2 QL t-   .UJO oz c< u. QL ^   ^5 ♦ 

CO tin 
UJO 

t-Qcujtn UJ zooa. 2 j; t- 

P ¥ u. 
U3 

ZUJ-iZ 
^ffuj- g C " <r ip gfe aJ 

—I a ^ _ia « 3 UJ      > li — _J LU z o X 
rj 

ac Xi 
UJO 

-J 
U^ UJZUiO 

_l  1  Qtt- UJ LU L . L ; 
KUJ 
a 

Cl o .J -IZI  
oa     h- ♦■ 

^ ^ 1 U.UJ « ujaui K .       -,UJ — t-UJ t l/l _i _jt->- 
mo O T 

_J0L3U 
z - _)       Z oz a. X LTi (J-l t- K 

iV 

a oi 
X z ■—• 

!tf- • I U. — LU 8!^ ^-. o r _i Z UJ in ♦ 

u. —• ot — « a _I    ui Z-U.X 
—     UJT 

I— i_i o a o _IUJ »- 
?| 1 uja IT — <ruji UJ  " a 3 u r LJ _J u ♦ 

;- IP IS 1. >-     zu •a E   .C. i_iO Qt o \ o    •za. 
— u'Ca 

'■ J 

u. •—• • —  .—    in(_i»-a.Lu     r a. O LL X 
h- O w 55 X Z'-»-uiKz_iuji_)a.— Lum u 3 ■   1 t- -JLTI _i 

H <ta Zt_p --• ~z oo: c —r il- ZUJ co - a- U. Qj f 
* 

z m « ZO      l jj    a:     'OJ ji 'xi — en to — 
■' ' O I    «    • 

M UJ e>- o ■ K IP • - u. or   • u • ZI^Ci > o V Q u >- z :: • - h- 
■ ca <ro-) a. C< L 1 •"• _i Z: co UJUJULU _JO i  i oo a a. CL £ .H5o t- • 

ca "— 5? i z!? ** uj-ioi/i-iZdujujciiO Q.I-     • a c — f^i M T — -* '_' ~UJlPOUJ— - -IL^Q. _| Q-      > . J X u. ^ t- t- I a x i a " : 
ro 

o o O-l 
l-UJZ _J 

oi 
X l- ♦ 

r>I 
K) o 

Ck. 
■I 

to aa 
OUJ 
Tu.   • 

a 
z f UJ 

c 

i £ -j in — LJ in — L1 O       O o Li. jT C.i O C Q 
— ■■ j ro n 

oo r1 o x 
u. 35 —• — r,     r LO m -• a c IPU-I r. C3 
(n h- t- Ck:z » i- >- u " 

LO a r oo y oo o o     c- UJ a Ü. ooooo oo SO OJ UJ 

CK K- le K >- LL. »-  »- »- >-     »-- uia; 3 -;i u. o t-t-t-K K ►- ►- I— i— - Q 

^ • • 
•-• f 

5 o O»-0i u Lu QC 
I OJ LU r i »j2     — C u -^ LL —' "^ "" 

■ -J UJ —     f i • in (k LO l—l — '- i vi T u-' jr. LL 

Ck. c LL 1 UJ —z a L-. c- 
LLl ._i Q. -i _l _l m _J _i _j _J     _ J P       UJ X UJ _l. J _l _l _J _J _l _j _i I T 
—i o <I O — OO a a O o    o OH. I 

ZQ.3 
»> '.i- Z o o o a ci o C' DC O C ' 

f\ 
u U u ^M O l_i r l_> '_! (_j l_i         L-l M L- o (_) l_)  _) U LJ (_) u !_' I_ -" _J 

i r. f- 

LJOLJ^'-.LJLJLJ-ILILJLJI—LJ^LJ <_l LJ l_' (_' LJ O '_"_' '_! LJ LJ LJ LJ 1_) LJ LJ l—H-1 •_J 1.J  LJ  L..  '_)   _    !_'   Lj I-' 



77 

(M 

■1 
a 

IJ3 r   -; cr. c> — ^J to Tf UT ^ r - co en es " ^ r^ ^ u^ ^ r - 03 cr> CD ^ oj ro ^ ^ UT U3 ^ 03 ai ® --• r\i n ^T in vo r^- CD en c ^ n i KI r-- ro r<- r^  n 
r.o f.r. .'o x r^ cr^ cr> en (Ti o (T> ff- en (Ti s s ^ o CJ C' <si s? G) O —•--•—•--"-•-"'-• ~ -~ -" -^ f^J t\i f^i f^i '■»J f^J f1-! IN ^ I ^1 f^' f-"1''"' f01 ' f"  'ri '• 
u'; ü'  u"  ir u ■ u^ U^ UT u" UT IP üT ui UT W X' Ö VD uD W ^ U3 <JD UD 'JD '0 'iD ÜD UD W U3 U3 U3 W ^ ^ Vß 'Xl UD U) ^0 ^ VO Uj iXi 'X1 'i--' iX1 U.' XI H? iXMi   . 

iiiiiiiiiiiiiiiiiiigiiiiiiiifgiiigifiiiiiiiiililiiiili 
■7 
IV- 

CL 
Q 
I 

••• 
M 

m 

o 

QC 

I 

I 

1 

= 

a 

: 

i 

a. 
o 
-k 
a. 

x u 

r a a 
— a. -- 
K- tt. -I 
Z) ■! ^. 
a 
Otzu. 
Z> 
1.0 i/l o 

— CO 
r     i 

U. LJ tP 

i-     a 

L.    • O 
h- U. 

ö    • 
ui ü. r; 
r o a — A; — 
u. a >- 
UJ -  I 

-JO. 
a. a. c 

-^ iu — 

QL 

o 

UJ 
a. 

a 

r' 
3 

U 
a 

03 

l_j — 

JlxJ 
•i I 
r P 
o 

a 
en .n 
U.   LLI 

a. *■- 

<X) 
a: 

m 

_i 
c 
n 

a 
l_l 

o 

Z3 

3 
O 

3 

c. ■— 
LU 
1-  I 

a. o 

IT C O 

o   • ►- 

i :J at 
r o<r 
a t-a. 

^ UJ 
u^ — U 
Luot a. 
c^ a. 
u-i     <t 

■» UJ ■! 
K- »- C. 

UJ J- 
_J _lO 
.j ui u. 
■T Lf. 

SIX 

O ui »~ 
u   ^ 1_) 

r ^)UJ 
O C uJ 
 Ui 

o 

"_ 

LJ 

o. a 

a K- io 
a 3 z: i a. 
t- Q UJ U) UJ 
a UJ 3     M 

L UJ n ui 
_J o ui z a: 
.ma 
a 2 30 

o 01 o UT 

uit- z to r 
F Z) —ujiy 
<r _i<r oC 
LJO ►- OUJ 
— inoüLJu 
o o a 
r a    v j 
— zoao. 
♦ at- atn 

c — 
z > z c 

UJO_j 3 
>~ooa 
J K l/l 03 UI 
oa UJ    CD 
'/> J 0c ui —• 

a. ix 
UJ ■ 

r: ct z z J-> 
"O— 3UJ 
x u. a 

ui a. 
^kuZ Z 
o P o o _j 
u UJO — _i 

_)    I- a 
ui ~ to J Q 
_; o a o z 
C ^J r ji a 

o     o 

f        r - 

-J 
O 
U 

a 
^- 

13 
UJ 

U 

-j 
CL 

UI 

)- 
en 

z 
a 

-J 

I" 
■T 

a 

03 
za. 
<i z 

za 
UJK 
ra 
UIO 
UI 
a a. 
JO 
CL U. 
ui 
— IT> 
Cl 

U Ui 
-I      K 
OUJO. 
a. uia. 
»-ui — 
z o   .— 
ut  

3Z 
KO — 
3>-r 
0. z 
t- -i I 
net 
oa.— 

ui « 
• in 

t- uit- 
ct (k 3 
Q.»-0 
— UI — 

in 

a • 
t~t- 
a z 
auj 

JU 
OUi 
QuUI 
I- 
zu 
Sr 

a 
& 
— o 
H 
I UI 

CL r 
Ldt- 

LUU LJ 
XO — 
t-    J 

anuju, 

UJ : 
zT Uli — 
^Fa 

a    o 

i- z 
t- a o 
D       l_l 
oui 

-^ 
U.03 — uil: 

o 
t- 
r 

a 

m 

in 

C3 

UI 
CL 

ui 

Hi 
a 

i 
z a 

— > UJI 

U-l- 
u.    oz 

Jl 

m 
dt 
a 
I.J 

UI UJ 
Ck. A 
UI 
Z ^ 
— a 

85! 
3a' 
ZCLI 

1-3 
oa. 
-JZQ 
0. —LU 

(J 
LUIXIZ 
_ia>a 
m    x 
EE?U 

u:     ui 
a ui — 
>o 

a ui 
K-Ou) 
z JO: 

UJ a 
_iz; a 
LUO 

— x 
zt-u 
oa; — 

KCLSCL 
30      UJ 
-jazF 
po-oin 

UJ LL LU UJ 
oaC 

— ui 
t-aji- x 

u.3aa 
o r _IUJ 
a. • • u 
UIQ. u z 
mac«.- 
rCL OU. 
30. U. O 
Z Z ZQ 

UI 

LU —LJ 
tot- 

UI LÜ 

ocoa^. ^. 
-        i u 

I UI 
3" 

— a uj LJ i 
I-i-I! uJi 
3 Ld Ct X 
a    o LJ' 
LJLU U 
i a. > 

« I- Ult- 
* CL — 

LL _I 
UIOOI — 
Q      CD ai 
—'ui    a 
at- zi- 
ct a a: ui 

^^ 
oi-za 

Lna z 
^ Lu I a 
UI       >-UJ 
ui a.     F 
X LUUIZ 
u F -J "' 

t-ro 
> ui a ui 
t-GQ JUJ 
► — Ui 
j a a 3 
»-    > 
CD z a  • 
cruj    o 

ui 

a 
a 

L" 
i tn a; 
J - UJ l 

rj 

^   —  'UJ   ^ 
^ZFit: 
it O i.n ^ , 

Lfl 
a 
(k     UI ui 
a    ZQ 
ijtt — a 
uia -j a 
ClLU        -} 
Lnz r 
— — o ui 
O-l Z H 

• a LL — 
QOOCr 
ÜU   u   . i- 
NJO — CD -- 

u-icDosmsiin    o 
— rsj M M n n    ui 

z     ooooooo 

ui 
iX) 
•1 
UI 

— rj roM TJ     *t 

o o c o o o o 
LJ LJ LJ ' J U) U U 

U1 
ui 

o 

in 

_i 

-J1 

I 
'J  ■_.  LJ  '^  '_'  '_J   .   1, >  L      '..' LJ LJ LJ LJ !_) LJ L-' L.1 LJ L.' 1_ LJ LJ (_l LJ I i LJ LJ LJ LJ LJ LJ LJ UI LJ LJ ' J C- . I i-J ■ 



78 

M 

O 
r 

a a. 

in 

fM 

(_l(-JUUi-J(_»ULJUUUOUUUUUUU)(_» 

zrz-üzzzzrrrrrrzzzrzzrzzrr gfgggggg|gggg|ggg|g|ggggj5gggggggggjgggggggggggg?g?ggg 

a: 
O- 
a 

ro 

CD 

Of 

a: 

o 

«   • UT       V 
ö          -MM) —    z • 
UJ      (Ti        " a (T\ 
!                       -   11 i-    _I_J 

o    aja t-' 
O     h- -   • ^ ro ctin    o 

Kujoin 
U 

_i    i_)-» —ro ■ UJ 
0,       ixj     K ^      - N nozo in 

to m •-■ 2 f"1 

iu a     w c ^ 
OUJ 

utnui UI 
m    zaoa t- UOJOI UJ 

U in 
o in     o tn i j UJ Q.a i-      .«     _ m •    uz • 

o<rns)  -en a.»-    a _i • int-—    rj UJ t^iü^f o \~ in        a: «   • UJ £ o UJ —-JO^ IT) to m    a. 
_l Ck.      Oli-fVI z 
a. H    • U         «M « UJttOUJ    • 

E a o i oi 
— u    Fa 

o inuj     UJ — in u 
to oo     - ^ o 
en aOHgJM Ck.' i-    MjnoL (- 
Ui a: uii    a 

IUFOIU 
o 

£ —     —     (jrvj u o 
ZI- —— — ^ uof    a (- 

in — z        ina ö ao3at- z 
<r ijuoao 

z KOOIU   «u o _iua. Qt 
o ZQ.UO —— -i >-(-_l     z 0. 
a: O           O "  IT) a inou ■-• z 
LÜ UjlJ   •O'- -j KUO _l o 

a: in—       ui a •—• 
CL aaiui-  • ^ z auocinu , m 

o OiZHZ — o Lt       Uit- QC t- a. 
U- CD •—' U. LU w    " 

Coaza 
3(K     oC- 

aujaujo a o 
K uzzinii. a. 

UJ a: in u 
z z o Q flu u r j o ui    aza 

u  > Cuio o Q- Ct H 
t-uzoinrvi O Q^aujuju. 

ooraS 
o cc *- Z      (KU      w <* u 

a 
LO ö^pH '5 a. uiiJ    Fa 

MUlUi Q£ a 
r-o uj ut- OUJ u c azxma 

<roF    u 
t- 

-—■ _)oa _i  • — a a Of 
UJ _i a. a. — o-» UI uiz    a a o 

LO on a^    ouiCK u 
o i-zino 
a: s-*. -oaoi- in 
a (2 oo       <r s~. H <_) in©    in • —iniuz o Z —«     —. UI ui    am — kJ 
H z zva    r UI ♦ . z oo    o • mavck; z I 
Ui l-K      (- a. ^aU2^ C) 
3 o I-" (_) 
a — UJ       — a. OUit- 

U F O r/1 ^ 
o 

Ui •-• Q. o _l 
en z Z--Q.ÖZ <t 
CD _I.J     _i \- --■ r t- a: a v-^ 
3 oo    o Ü. u — oa-i u u 
en UU        LJ —-lOUOQ Ui 

a. 
in 

o 
at 
ui 

Z   • M 
ui to 
i^ a; Uli- h- 
aoaoui 
Ht-aaio 

•    ur z 
i J ui ui     F > 
Z(D>UJ — _!>- 
— oo 3 _ia: 
aa>- aa 

JF>   .ua 
z 

.   o 
tPCTO 

o 
z 0- 

Ul 

• am 
am 

aui — 
uiini- 
inm 
mox 
o o 

uja 
UIKUJ 
ma 

z 
Kin — 
inl- 
oza 
Eoui 

otn 
tnuo 
a 
at-in 
<rua 
u —a: 

<r _i f- >     „ 
uio —a K — Z 
X0(_)EUJ>- o 

IO 
Uli/) _l    « 
(J     UlCk oo 
az^oüLt-a: 
Q.O     i-<ioo 

«-a o (_J a 
at-zui        uj 
OQ.<I> zuu 
uo        ocka: 

t- Z —<IO 
ujuiz ot- u. 
_nnuj —— > 
aisrt- OUJZ 
auJiua z zu 
_i a o tk o t- n 
—• <x ui u o 
af- _I_I     intk: 
> ZCLUI_IZZ 
a uj ui u a o F C1— u —— 
ujuja cr i— H (- 
a-i        ~ —o 
auia a. 2: o CL 

00 —z z 
in u u u.     o ■— 
LOO Z (_) 

ui ui <r in 
oui z (J _i — 
l-uo a LI. a: z 

a — CKO—'a  -zui 
— t-i-o     i-ztnoa:u' 

z — Ht— — — a —ai 
"      T 3 zaa t-    K 

0. — a <r o to 
_ . -   .. > z     o u <L a ct 
oaoa — a_i    uao 
_j ui    ui    a u 
or:_i_ji — -ictuju 
cjoa-njü-aor    h- 

C —yjo ——•lnula(l. 
>- — H 3 o'_) t- in a a; ic 
_iX—     et ui a ui t-H u 
z a z 10 z a. a. (^ >' x : 
oC — <rt-ini/)Q.ujuJui 

oca 
<r Fu 
1-10 
a    ui 
aau 

Zft: 
UCLO 
o    u 

a 
Of UJU 
Ull-O 
ai- 
(* —a: 
or UJ 

zuir 
oa. o 

inaainozaa;»- 
Z> Z      0.' 
E a o ui z 

l£i 

X 

in 

in 
z 
o 

•cr 

0 

"tviro 
WWW 

h- 

»—1 

_l 
CL 

00 

uo 

to — 
a a 
_i z 
uio 
o l_l 
(_' 
to _J 
—•<! 
> — 

lOQi — 
uia z 
tJUi-< 

UJ — LU 
n _) z 
a     o 
Ul CL w 
too 

r UILU 
— o _i • ■    ,.,... 
i- u in a _i et a 

to o ui a. 1 u 
u — QL to r H 
o > a. o— ^ ui 

a; z tJ ui z UT Q 
ui —— to —r r 
ma: t- a:o 
ri- ai-K-— • 
o z H LO x 1— a 
z o in o o 1 ui 

l_) 1 r LJ et a: 
— L3 — 

a t- tn >-1- ui o 
ui to a _i to t- o 
to o o z o z ui 
z r o o r — ct 

o 
CÜ 

UJ O- 
ü: Ul 

t-a: 
— t- 
(_) to Zl 
— zo 
_IOX 

IE*3 
a 

uzo 
— oui 
r u>—• 
a    u. 
Z-J — 
>a LJ 
a —ui 

t-a. 
c^ —to 
o z 
u — ui 

CO 
uui 
— uiz 

in (M 

o o 

-1 _l 
OO 
U U 

P 

-J 
a 
u 

ui 
u 
z 
LU 
Zi 
a 
ui 
to 

x 
u 
a: 
ui 

CL 
o 

in 
c 
a. 
a 

a 
in 
CD 

r 1 

LL 

m 
CO 

a 
63 

a 
a. 
•x 

LJ 
— LL) 
-J LJ 
CL Z 
r U 
•— ZJ 

O 
0; Ul - 
O m — 
u 

LU 

Ü 

LU 
ÜJ 

o 

I & c I 

to 
I.'-I 

O — _1 
CL ^J 
Ul to <i 
rj CL u 
Z LU LU 1— .    ., 
O I- fc UJ Ul CL 
z u- - F F F 

z z to 
UJ _l —— 

h- £ a CL u 1- 
Z '—' ^ CL C. Z 
UJ I— Cfc UJ 
r    LL tu ui r 
Ul U *- ö — LU 
et o z 0 o _J 
LJ      — Z Z Ul 
z: CL 
— ÜJ)-t-       I- 

BQ r in i-  lj 1 
UJ r — CL i.| ■ U 
^ n a. — a — 
— r: CL u -J u 

• U'I 1- ► • ui — 
t- h- 7: x z UJ 

Ci L0 SI U'i Ci L0 
— — rj fiM ro 

o oo000 
h-1- t- I- t-' I- 

_l -J .1 -J 
O O O O 1 
LJ LJ Li 1 .1 1 

a 

g 
u 

LJ (_i U O CJ LJ O i_l U LJ '_! I_I i_J U O LJ O (_) LJ (_ U U (_) O U (_) CJ '-J LJ (_) U O ■_! I_i Ui |_' U L.. LJ i_l U l_j u U Ui i_i U) 1 

o 
a: 



a r 

79 

u 
a 

in 

Ui  J O L- (_' Ul U Ul U U U CJ (_) LJ (_) LJ U I-' U U (-1 LJ U U LJ LJ U U LJ (_> L.« U (_) LJ U (_■ 'J U Ui l_i (_) U U (_l (_' I-' L ■ wi (_' 
ai O -- r J M ^ uT ^ N. (D 0^ ID — fVI hi ^ U^ W t^ 00 t7^ (S ^ fsl ro TJ un 03 r. Qi cn o — ry r^ ^ u 1 UD ai liJ UD UD U3 lii iXi a? <xi il1 <£' 
'T' S ^ S1 C? G? E O S) CD (C "^ -" — -" ~ ^ ~ — — " ^ fM f J ^J rsj (N T-J r^j r-i OJ to M ^ to fo fo ro ro f^ f^ ro t«T f<i Ki r""i r-'i ^ ^ 
so r. tv. (^ r- r^ r- r- r- N. tv. f^ t^ K r- h- r- h. f>. r>. N ^. r- r- rv h. r^. r. K K N. t^ r^ h- r- N. N. r^ r. r. r^ r- h. K r _ r- N h- K 
-r-r-r-r-r-rTT-rTTT-r-r-r-r-r-r'r-r-r-r-rT-rT-r-r-r-r-r-r-r-TT-r-r-r-r-r-r-r-T-r-T -r -r T T 

^.1 (_' 1_1 LJ wi L ■ 
«r ui '-C a.' 

N". ^ r«1 

. h. r^ f   r. 

a 

CO 

^j 

z 
c 
r—■ 

cv 

g 
o 

r 
cc s 

ZUJ 
UJCO    • 

oo   • 
Ult-H 
L0     U 

A    in uj 
UJZUICT 

r    auj 
— too u 
QL ü LL ijl 
Q. a    w 

o& 
U-ILUUI 
Üj       NJU 

o a _J uicn 
t-za 3»- 

octoa en —luujr 
tni- z tnct 
UiOt bJ O 
Ck; OU Z U_ 
HQ.      — 
tooa     Z 

aouo 
t-a.u.E — 
z       rt- 

Coo    a: 
LU    o x a 
-JQLZUQ. 
LUUJ      oc LU 
et- UJ Ck. 

(/)      Q. 
i-oct a 
iji z _J o a 
a       u-K- 
-i • •    a 

• OC«. 3 
u- LL O Q- Ct 
LLia.u.zo 
Z ZZ—Ü. 

z 
o 

a. 

tu 
_J 
03 
O 

Q.Q£ 
UJCL 

CACt a 

a 
LÜ 

X     Xt- 
I 

a 
et 
UJ 

^ 
Ck 

< o 

in 
UJ 

O LU 
10 QC Z -J 
KUJUiOOQ 
OUQ.ZO 
-JZ        a; ( 
Q.UJ(/)ZQ.I 

32 — inoo_ai 
oiuj —r <t: 
UJüI*-Z.üJ 
pc    a —zi 

►-□        »-oi 
-I      t-U.=)li.( 

aiot    LU ^ i 
— flj —flc      Z( 
-^ C u. LU LU <r 

3    m>-i 
azz ELUCQ 
[U      03—      | 
uj»-t- oo- 
E_J3 -a i 
atLQ-in O' 
a:Ez>-OQL i 
as*« —F LU ( 
0.2 —'Z ^ Ml 

§g 
a.z 
LU 'I 
|_ — 

o 

z 
no 
,ut; ia!3 
I LUUJ z u. 
IOUJ 

;-? 

iino 

aoe 

a: 
LU 
z 

— o 
in 

xi-o 
U — LU 
a zu 
LU wu 

ino 
zmct — <ra. 
ZUJ-J 
act: _i 
— o — 
t-u.3 
auj_ 
oemc 
UJ a 
P-inoc 
— üco 

oo 
CJUQ- 
ao 
LU      u 

UJZ 

az 
LU   « 
ucn 
ctz 
|uo 
ZH oa 

L.1^ 

LULU 
I/ICD 
o 

H 
t-tn 
LOO 
UJ" 

U'l 
LU Z 
CJO 
z — 
UlH 
aa 

z — 
o 
l_J 

I 
t-u. 

o 
u. or 

• to — 
CLOZ 

10 UJ 
ma 

LU LU 
LU tu a- 
oa     a 

z 
z a tn 
ao r: 
(_|        LU 

I/) _J 
i^ (- Clj 
u — c 
LU z a. 
i a. 
uu. 

oa. 
UJ     a 
I LU Lu 
Pin z 

o — 
LU       -I 

ocou. 
U.O—    • 
UJ i     o 
OD t- (— LU 

z > 
a     LU -j 
t±j   . ~o 
r Q i_) to 
a; LU -^ 
o tn u. ij 
LL o u. z 
a; o LU — 
LU ~ Z LU 
Q. •— — LD 

LUO 
zz 

ijjines 
'i^in 
ooo 

CD 
r- 

ir. 
oo 

P    g 
-7 9 roTt" 

ooo 
uuu 

—     —    —    IO 
Li     to    ^     r- 

o o 
u 

o 
u 

o 

t/l LU 

t X 

, G     • Ul LU 
to 

^^ 
1- _l 

t- OQJ 

g t-_l _ia 
oo Ü.   -J 

z 0. a to •—• 
o a z ocr *—• LU u. — o -^ -» 
h- u 1- XX 
•i z z > 
tt LU o _IG ILO 

a; o •-• L0LU tOUJ 
CL o t- OLU v* LU LU a OU 
oe CO LL — O 1- 
0. 

LU 
a 
a. UJ a. 

CL Z) 
oo 

a X LU CL u. a ^- p QL £Lt- 
CI a. O LOH 
ö z 

X 
LUZ 

fto 
ao 

ÜC h- tOCL 
o Ü. X UJ ^ to 
u. LU G • ^ O • ua u 

F X UGH LU > 
I^T in CL tniu ox o z • □ Ult- -JU z 

EUSCL g r- 
E 

LL " 
CD z£g CL 

t-- Z_l X 00 
t_j »- r. — _l  • — a I 
LU x —i to <i in in LU 
fi-l X z h-3ü;t-       O tn LU 

t J a to Z      O ztou LU in 
LU a •"■ t" O C LL on - »— «- 
LU LU H o LJ x rt u ct u. ui Q 
(.n U _J Ct L 1 o  • LU . —. 

— LL LU a. l-t.1 l-U. X '.'■ H a ■•- 
BD • o <J1 tnoa. ina to ra 3 — 

0. U. c* 
ro-u. s^s a o o U. 

S o LU z LU — LL 'Jl ^^ QL IJl LU a ►— • 
u a ^ in CL 
r- z 

a 
L0 -■ u'l 

in X '_J • u o K) U- LTi rvj U'l 
u in LU — —• 

IN •X i- ö X U. - 
LU 2 CL l_i o P o OO 

Ul a h- F (- h- 
a. u X 1- 

fxi ö 
LU UJ 

in r- r^ p ^* f - '" 
o r. (_) il »4 

a LU CQ a. _l -J ' i -J _l Ui 

a 3 a '- O o OO I 
u 5 in u. M u u 

1 
U l_i (_J 

(JO 
CO 

Ü 
LU 
Cu 

UUUUUUUUUUCJUUUUi-jUUt JLJUU'. 't-JULJLJUUUl-JUUi-JULJUULJi.jUUUUUUULJU 



in 

o z 

80 

a 
a 

r, 
IP 

•3 

Qc 
a. 
a 
M 
rvj 

to 

[•- 

Z o 
'.0 
a. 

fl   ü.  Ü. 
tu uu u- 
•— — — Li. li- u. 
_l _l - 1 LJ Lul LU 
Q. O. o  

t- ►- (■■ LU Ci 
_I _l _1 

_l -J _J 
Ci. ü.  il   ü. u   u 
ij^ Cl'i  J" LU ÜJ UJ I- 
—• —• — '.■'< v_iin T 
üu £-t CA . I _i ;:■ 3 

IJJ UJ 1J 1 UJ LÜ U J iJT 
(_! I_I i. J '_• 1.1 i.j r: 
uc U- ü. ü u ü. Ci 
OOOCT'C        ■_> 
U   U    U.   L    U    L 

a 
I      1      I      I      I      I    UI 

— r j r-T T ITJ UJ r. 

I^I C3 O O ^ O ■'• 
iM ro 'T b i 'Li r- it 

O O O L.l O O Ci 

_l -J _J -J -J _J _l 
o o o ■:? o o o 
l_) LJ LJ U ■-J '.. i_i 

03 

a. 

UJ 

r 

a 
a. 

u 

3 

n 
o 

3 
LL 

ID 
a 

LJ 
a: 
Q. 
in 

a. 

LL 
a 

r 

Lu 

LL 

O       3 

LU       U. 
ÜJ    — 

in    in 

m 
Q 
a 
a 

Ct 

o    r 

c 
UJ 
in 
m 
3 

LJ z 
UJ 
Z) 
c? 
UJ 
in   • — 

a 
UJ 
Cl. 

UJ 
LJ 

UJ 

UJ(_i 
z 

•UJLO 
»- L3 — 

CL CT UJ 
P     o 
Z3Ü. O 
OO.T 

LUQ; »- 
QQUJ Ut 

m L» 
or— 
t- o u. 
Li. I 
UJ LU i 

z: *" o 
a: QL 

J UJ UJ 
■I x r j 
•3LD 
O — LL 
Z X — 

a 
l-x 
_i 
3Ln 
ao 
u.a- 
UJX 
ou 

• tn 
a: — 

?<t 
a z> 
QL Z: 
UJ  • 

ÜJ — 

- ClS 
11- 

(-- a: 
Z LU 

tfS] 
UJ LI 
Ck. 
U ♦ 

O 
u 

ui eo    in 

op     o 

— U3       — 

-I _l       .J 
oo     o 
LJ l_i        U 

G! 

D 
O 

a 
| 

a 
u 

o 

in 

F 
in 

- 2 
— o 
en     x 
v 
U1 

(—         . El O Cl O O —— 
x     in •                     i 
m       3(J   ....... 
C       O • O O (D —'-O O 
LU        _JLÜ I _|        _| ....... 
ÜJUJO 0----006DO 

CDU. I 

a xin 
aa ....... 

x u — r J to rr in LD K co cri 
■—    in 
It-UJ i-i-t-t-t-t-t-1-K 
K-x — xxxxxxxxx 
3jl;t- ooooooooo 

LUX a. O. (X LL CL LL CL a. a. 
Z_JUJ 
CLUJ _l _l _J _l-J _l _I _J _I 
UJ    o <r <r<i<r <i a a a a 
tXU: OCJULJLJLJLJULJ 

uu ooooooooo 
<r<XM _I_J_I_I_I_I_I_J_I 
CL UJ   I 

X t-Ht-K-t-t-t-Ht- 
t-u.o a:aia:aa<i<i<i 
xox 
— t-t-Kt-KI-l-l-t- 
am;- rxrxxxxxx 
CLt-m i-»I ^ ►-.—■►-—. •-•— 

x a. a; a. a. u. a. a. CL a: 
I —o a. Q. a a. a CL a. a. a. 

OLLI 
^ U. Lil LO LO Ul CD Li LO Lfl lil UI 
<T\     LI"I ui in ui ui tn LO in to in 
--ILLI ÜJUJUJLLlUJUJUJUJUJ 
o a 0: CL u Ü-0. u Ci_ u. a. a. 
— oa CL CL O-0-0. 0. CL 0-CL 
Lno^ ZD^nooozioo 
x _) ui m in ui in m vi LO UI m 

in    in ai 

oo 

n      _J _i 
a:     oo 
l_)      U i-J 

— f^J Ki T IJT UI r    CO (Ti 

_J_I_J_J_1_I_I_J_I 
ooooooooo 
U LJ O l_i LJ LJ LJ LJ U 

C       UJ 
L^   UI             OJ 
UJ H  •- 
FX      UJ 
•i x " :-■ 
Ct O       J 
UJ u i— x 

• UJ Li'l O i-1"1 

o u — <t o 
UJ              LL Ct 
I- a: (- ui a: 

o X      Z ö o 
— U. UI 

II ct c n   • Ci. 
CL        UJCL H 

CL LL  _l O L' 
h- UJ UJ UJ H- r 

£ — l— u. ~ 
o o o in UJ  ■ 

H XQ. X    J 
— ui-- 

LL CL t- U  CM 

CL 

gyLp:-i 
»—• DUJX       '•- ~.. Z _J O t-  T 
ti"1 LU        X LJ 

t-         I_J LU U 
r- r CLO. r Li 
m LU LU LU LU Ci. 

r x r jü- 
ri Lu U       i_i * ^ -j — u- x * 

UJ I — — - 
ü"> 
Ci 
Ü- 
a 
i_) ui O     m 
».-. 
■y o o     o 
LU h- h-      H- 
3 
o — ixi 
LU -.- 
(.n 
PQ _J _J       _l 
O oo     o 
UT U L-i        i_l 

o 
l_l 

X 
a; 

o 
u 

z 
o 

J L-' '-> LJ l_l t_J Ui '_i U (_) Ui i_l i_l U i_l (_)(_)(_) LJ (_! U U LJ U U O O U (_) O I_I LJ i_l i_i O LJ LJ U U LJ U i_i i_l LJ LJ 



81 

C.    Listing of the Contact/Impact Subroutines Added to FEAP 74 

The listings for the subroutines which are added to FEAP 74 for 

the contact/impact theory described herein are given below. 
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